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Abstract

Diffusion filters are a well-established method for image smoothing, restoration
and enhancement. Applications include contrast enhancement, denoising and in-
terpolation. Current filters mainly employ derivatives of order two, and exist in
linear and nonlinear, isotropic and anisotropic variations. Higher order diffusion
filtering in the nonlinear anisotropic setting has not yet been a topic of much
investigation — this is a gap that we would like to close.

First, we give a brief introduction into diffusion processes. We show what
classes of diffusion filters exist and how some properties can be expressed in theory.
We then introduce discrete theory, including fully discrete schemes and appropriate
higher order boundary conditions. We investigate structure detectors and propose
a special encoding of directional plots for our purpose.

In a second part, we introduce the fourth order evolution equation proposed by
Tumblin and Turk, which is mainly used for contrast reduction of high dynamic
range imagery. We extend it to the anisotropic setting. Furthermore, we propose a
novel fourth order model, the Frobenius model, which can be considered a higher
order analogon to existing lower order methods. We show how existing fourth
order isotropic methods can be recast using this model. Then, we extend it to the
anisotropic case and derive a variational formulation.

In the last part of this thesis, we start by putting all these models side by side
and show their strengths and weaknesses using prominent numerical examples.
We finally choose image inpainting as a suitable field of application for our novel
method and compare it to lower order interpolants.
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Chapter 1

Introduction

1.1 Motivation and Problem Formulation

In image processing, image smoothing creates a function that approximates a
certain data set, possibly leaving out noise or other undesired phenomena, while
retaining important patterns. A subset of image smoothers are diffusion filters.
Applications include contrast enhancement, denoising and interpolation.

Such filters can be categorized into isotropic and anisotropic1 variants. The
special case of anisotropic filters that are based on higher order derivatives than
the current filters have not yet been a topic of much investigation — we are now
going to tackle this issue.

The goal of this thesis is to develop a model of a higher order anisotropic image
smoother. We will inspire ourselves using low order diffusion processes and also
higher order isotropic ones that are already in existence, while we try to generalize
and extend those formulations.

1.2 Existing Methods

Diffusion filters in image processing are inspired from physics. Their description
dates back as far as the 19th century [Fic55]. A good overview can be found in
[Phi05]. In the end, diffusion results in gradually smoothed and simplified versions
of a signal. Some equations can no longer be called diffusion, in that case we
employ the term evolution equation. This concept of scale spaces actually comes
from Japan where it was first introduced in the late 1950s [Iij59, Iij63]. Those facts
remained unknown to the Western world where they were discovered “again” in
the 1980s. Weickert et al. summarize those findings [Wit83, WII99].

Regularization itself made its first appearance in [Whi23], used in the well-
known [Tik63], and was later also carried over to image processing, e.g. in [Sch94],
which also includes nonlinear diffusion. Well known work using a nonlinear total

1anisotropic: directionally dependent

1
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variation based method can be found in [ROF92]. Relations between regularization
and diffusion have been investigated in [SW00].

Another lasting discovery is by Perona and Malik [PM90], who are well-known
for their diffusivity function allowing variable edge enhancement and smoothing.
Additionally, it allows for some nice theoretical results, at least when it is regular-
ized (preprocessed by Gaussian convolution, i.e. the signal is blurred) [CLMC92].
While we use their names mostly to denote the diffusivity function, sometimes the
whole process of nonlinear isotropic diffusion is called the “Perona/Malik equa-
tion”.

In [AGLM93], the authors give an axiomatic approach to linear and nonlinear
scale spaces in image processing. [Eva98] is a whole book solely about modern
theory of linear and nonlinear PDEs, while for computer scientists, [Far93] might
be a nicer introduction into that subject. Also important for computer scientists
are numerical issues that are treated e.g. in [MM95] (for mostly linear PDEs). For
the sake of completeness we also refer to a book about variational calculus [GF00].
By the way, many things have been carried over to the matrix-valued case, e.g. in
[FWBW06].

[Wei98] gives foundations for lower order anisotropic diffusion. In that context,
structure detectors (extracting direction information from smoothed versions of a
signal) were introduced in [FG87] and further investigated e.g. in [RS91]. [CZ98]
explores structure detectors using higher order features and also space-frequency
analysis.

As far as higher orders are concerned, [YK00] contains experiments on noise
removal using higher order isotropic processes. The same topic is addressed by
[LLT03]. What stands out is that they have used special (and very effective)
discretizations for mixed derivatives. Linear energy functionals of arbitrary order,
including solutions in the Fourier domain, have been investigated in [NFD97].
Total variation and higher order is treated in [CMM00], and the combination of
second and fourth order terms in [LT06]. Higher order nonlinear diffusion filtering
has also been investigated in-depth in [Did04, DWB05]. [Did08] contains many
generalizations about higher order isotropic methods and also stability results.

[TT99] uses a non-symmetric divergence expression (different order of inner
and outer derivatives) as a simple attempt to penalize everything down to linear
gradients in their LCIS hierarchy, which is used for contrast reduction of high
dynamic range (HDR) imagery. This is an evolution equation but it is not diffusion,
since it cannot be cast in a variational formulation. [Wei99] uses the same evolution
equation but with a different argument to the diffusivity function.

A nice overview over interpolation methods can be found in [Mei02], which in-
cludes over 350 references that will probably fulfill most of the reader’s desires to
know more about any of those methods. PDE-based interpolation is a recent devel-
opment [BSCB00], and applications can e.g. be image super resolution [CK07], or
image compression using anisotropic diffusion [GWW+05, GWW+08], optionally
interleaved with mean curvature motion (MCM) [Zim07].
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1.3 Overview

Chapter 2 gives a brief introduction into diffusion processes. We give an overview
of what classes of diffusion filters exist and how some properties can be expressed
in theory, at least for isotropic methods. We then show how these filters work
in a discrete setting, including stencil notation, fully discrete schemes and – very
important – boundary conditions that can be of use in higher order settings. We
investigate structure detectors, a crucial part of anisotropic methods, and propose
a special encoding of directional plots for our purposes.

Chapter 3 first introduces the fourth order evolution equation proposed by
Tumblin and Turk. We give some facts about its stability in the isotropic setting,
then we extend it to the anisotropic setting. In the same chapter, we propose a
fourth order model, the Frobenius model, which can be considered a higher order
analogon to existing lower order methods. We show how existing fourth order
(isotropic) methods can be recast using this model. Then, we nontrivially extend
it to the anisotropic case. The final section of this chapter derives a (linear) energy
functional from the Euler-Lagrange equation.

Chapter 4 first puts all these models side by side and shows their strengths and
weaknesses using prominent examples.

In Chapter 5, we choose image inpainting as a suitable field of application for
our novel method, and compare it to lower order interpolants in a quantitative
and qualitative manner.

Finally, Chapter 6 summarizes our work and gives an outlook of possible related
work in the future.

1.4 Notation

This section gives a short presentation of the mathematical syntax used in this
work.

Continuous and Discrete Images

An image is represented as a function

u : Ω → R , (1.1)

where Ωn ∈ Rn is the n-dimensional image domain (here, n = 2 as we work in
image planes, usually Ω := Ω2) and R denotes the co-domain (usually, R = R for
grayscale and R = R3 for color (RGB) images). We will mostly work on grayscale
images because of notational convenience and also because the channel coupling
involved in processing color images is mostly carried out in a straightforward way
if the channels cannot be treated independently [GKKJ92].

In the continuous setting we usually denote the image coordinates as (x, y) ∈ Ω.
As we put theory into practice, we consider discrete images, in which we employ
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the tuple (i, j) to denote (integer) coordinates and R then also represents a discrete
range of values, e.g. the set of integers {0, . . . , 255}, which, for convenience, we
will also denote as Ω when needed. Our computations are obviously carried out
using floating point arithmetic for the pixel values, the input and resulting images
are however stored in integer precision for display/print.

Image Derivatives

In PDEs we have to deal a lot with partial derivatives, in our case of two-dimensional
grayscale images u(x, y) : Ω → R:

ux := ∂xu =
∂

∂x
u and uy := ∂yu =

∂

∂y
u . (1.2)

Higher order (possibly mixed) derivatives will simply involve multiple indices.

Note that when addressing a certain pixel value of a discrete image, we write
ui,j, this shall not be mistaken for a derivative operator. On rare occasions, there
might be constants (different ones for x- and y-direction) that are also written
as hx or hy respectively — it will be obvious from the context that there is no
derivative in play.

The gradient of u(x, y) and its magnitude (using the Euclidean norm) are
denoted as

∇u :=

(
ux

uy

)
and |∇u| =

√
u2

x + u2
y , (1.3)

respectively. The Hessian of u and its norm (using an entry-wise matrix norm, the
Frobenius norm) are

H(u) :=

(
uxx uxy

uyx uyy

)
and ‖H(u)‖Fr =

√
u2

xx + u2
xy + u2

yx + u2
yy , (1.4)

respectively.

Vector and Matrix Operations

We define a transpose operator on vectors, i.e. for a column vector

c =

c1
...
cn

 , c> :=
(
c1 · · · cn

)
= r (1.5)

represents the corresponding row vector with the same values. Obviously, also
r> = c. The transpose of a m × n matrix A is the n ×m matrix A>

ij = Aji for
1 ≤ i ≤ n, 1 ≤ j ≤ m.

For a two-dimensional vector v = (v1 v2)
> there exist the perpendicular vectors

v⊥ :=

(
±v2

∓v1

)
. (1.6)
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The choice of sign depends on the direction in which one wishes to rotate the
original vector by 90 degrees: clockwise or counterclockwise.

Multiplying a row vector r with a column vector c implicitly involves the scalar
(inner) product 〈r, c〉 = r · c

r · c : Rn × Rn → R

r · c 7→ r>c =
n∑

i=1

rici .
(1.7)

Conversely, multiplying a column vector with a row vector implicitly involves
the tensor (outer) product

c⊗ r : Rn × Rn → Rn×n

c⊗ r 7→ cr> =


c1r1 c1r2 · · · c1rn

c2r1 c2r2 · · · c2rn
...

...
. . .

...
cnr1 cnr2 · · · cnrn

 .
(1.8)

The trace of a (square) N ×N matrix S is the sum of its diagonal elements:

tr


s11 s12 · · · s1N

s21 s22 · · · s2N
...

...
. . .

...
sN1 sN2 · · · sNN

 :=
N∑

i=1

sii = s11 + s22 + . . . + sNN . (1.9)

The trace of the Hessian is called Laplacian and written as

∆u := tr

(
uxx uxy

uyx uyy

)
= uxx + uyy . (1.10)

In order to formulate a diffusion equation, we need the divergence of an n-
dimensional vector v = (v1 v2 · · · vn)>, which is defined as

div(v) :=
n∑

i=1

∂ivi = ∇ · v . (1.11)

Convolution and Averaging

Averaging is often performed using Gaussian convolution. Convolution of two
functions is defined as the integral transform

(f ? g) (x) :=

∫ ∞

−∞
f(χ) · g(x− χ) dχ , (1.12)

whereas in Gaussian convolution one of those functions is the Gaussian function

Gµ,σ(x) =
1

σ
√

2π
exp

(
−(x− µ)2

2σ2

)
, (1.13)
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where µ denotes the expected value, and σ > 0 the standard deviation. We usually
have µ = 0. In the sense of convolution, this is called a Gaussian convolution
kernel. With regard to noise, this function is often used to model the behavior of
noise, which is then called Gaussian noise.

Further details will be introduced as they become necessary.



Chapter 2

Diffusion Methods

This chapter starts with the origins and building blocks of the different classes
of diffusion filters. Then, we will explore diffusivities (needed for nonlinear evolu-
tions) and their corresponding flux functions. Finally we will treat discrete aspects,
numerics and structure detection.

2.1 Diffusion Basics

Diffusion is part of transport phenomena. It is used to describe heat transfer and
is modeled by the diffusion equation (also known as Fick’s second law [Fic55])
which is a partial differential equation (PDE) that is derived from the following
two laws:

Fick’s first law describes the equilibration of concentration differences (like the
diffusion of heat in the air or of particles in a solution). It postulates that
the diffusive flux (flow of mass by diffusion) j goes from regions of high
concentration (large u) to regions of low concentration with a magnitude D
(the diffusion coefficient) that is proportional to the concentration gradient.
This has been derived empirically and for now we write in 1-D:

j = −D
∂u

∂x
. (2.1a)

Note the minus sign making the tangent vector point outward (downhill).

Conservation of matter (continuity equation) describes that the change in
concentration over time (t) is equal to the change in diffusive flux:

∂tu = −∂j

∂x
, (2.1b)

i.e. if there is convergent flow at a point (jx < 0, e.g. imagine water forced
toward a single point via a “V”-shaped sink) the concentration at that point
rises with time; if there is divergent flow (jx > 0), the concentration falls.

7
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flux j

(a) Convergent flow (b) Divergent flow

Figure 2.1: Illustration of convergent and divergent flow.

See also Figure 2.1 for an illustration in 2-D, in which bright represents high
concentration and dark represents low concentration, just like the gray values
of images in our experiments later.

In multiple dimensions, equations (2.1a) and (2.1b) become

j = −D · ∇u , (2.2a)

and
∂tu = − div j , (2.2b)

respectively.

Plugging (2.2a) into (2.2b) we obtain the general model for diffusion filters:

∂tu = div (D · ∇u) . (2.3)

This is also called the heat equation. Note that D remains inside the differential
operator as it is a variable quantity (in this case, varies with location). We will see
in the following what D, which we will later call a diffusion tensor, exactly does.
Also note that in our notation, the flux (the expression inside the divergence) has
opposite sign to the flux used in physics (see (2.2a)).

In the sense of scale spaces, one can write

u(x, t) =

{
f(x), (t = 0) ,

(op (f))(x), (t > 0) ,
(2.4)

where op designates some operator, and t the stopping time. Diffusion in a com-
putational sense is an iterative process, i.e. we start at time step t = 0 and evolve
from there:

u(x, t + τ) = op ((f |u)(x, t)) , τ > 0 . (2.5)

After a certain number of iterations n, at the stopping time n ·τ , we have obtained
the resulting image that has been created by repeatedly applying op() to f or u.
Details on that difference and also on the iterative process in the discrete case can
be found in the following sections.
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0 1 2
0

1

2

3

(a) Homogeneous
diffusion

0 1 2
0

1

2

3

(b) Isotropic diffusion
0 1 2

0

1

2

3

(c) Anisotropic diffusion

Figure 2.2: Illustration of convolution kernels corresponding to diffusion methods.

2.2 Classes of Diffusion Methods

In this section, we summarize the different classes of diffusion methods. Generally,
to construct a diffusion filter, one has to choose amongst the following elements:

. linear / nonlinear diffusion,

. isotropic / anisotropic diffusion,

. lower order / higher order diffusion.

Let us start with the example of homogeneous diffusion (the simplest case of
linear isotropic diffusion), which is equivalent to applying Gaussian convolution to
the image. The circles as depicted in Figure 2.2 represent the view from above,
of the standard deviation (i.e. points of inflection) of the 2-D Gaussians used to
perform the convolution.

Nonlinear methods allow the size and shape of these convolution kernels to
change over time, whereas for linear methods they always remain the same. Figu-
ratively speaking, a linear filter only uses information of the initial image for feature
detection and a nonlinear filter uses the evolving image for feature detection. This
explains the choice of applying an operator to either f or u in (2.5) and can be
closely related to image-driven and flow-driven optic flow methods [Bru06].

Truly isotropic diffusion can use kernels of different sizes depending on the
location in the image (Figure 2.2(b)). Anisotropic diffusion additionally allows
to treat directions independently, thus figuratively using ellipses instead of circles
(Figure 2.2(c)).

Higher order methods cannot be illustrated that easily anymore, as circle/el-
lipse radii figuratively may become negative. This is one of the reasons that higher
order methods sometimes produce oscillatory artifacts and do not adhere to simple
forms of stability like maximum/minimum stability.

For now, let us stick to the lower order case and write down the previously
mentioned methods formally.
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(a) Popular noisy test image (b) Nonlinear isotropic
diffusion

(c) Nonlinear anisotropic
diffusion

Figure 2.3: Lower order diffusion methods side by side.

2.2.1 Isotropic Diffusion

The “simplest” of the diffusion methods, linear isotropic diffusion, is written

∂tu = div
(
g(|∇f |2)∇u

)
. (2.6)

g(|∇f |2) does not change during the evolution, since f does not change. A special
case of linear isotropic diffusion is homogeneous diffusion (g = 1):

∂tu = div (∇u) = ∆u . (2.7)

It is well-known that this is equal to convolution with a Gaussian kernel (1.13) of
standard deviation

√
2t, where t denotes the stopping time of the evolution (see

(2.4)).

If equation (2.6) is made nonlinear, we obtain the classic Perona/Malik equa-
tion [PM90]

∂tu = div
(
g(|∇u|2)∇u

)
. (2.8)

In Figure 2.3(b), we see the result of applying this filter to the test image from
Figure 2.3(a). Parameters have been optimized. One can see that this is a “lazy”
filter: if it does not know what to do it prefers not to do anything (note the
remaining noise at the discontinuities). We will explore the diffusivity function g
in Section 2.3.

In order to be able to exploit properties like well-posedness, preservation of
average gray value (conservation of mass) and maximum-minimum principle, fur-
thermore making the process more robust under noise, one generally uses a blurred
image to find the diffusivity at a certain point [CLMC92]. This is called regular-
ization and written

∂tu = div
(
g
(
|∇uσ|2

)
∇u
)

, (2.9)

where ∇uσ :=∇ (Gσ ? u) with σ being the noise scale, Gσ a Gaussian kernel of
standard deviation σ, and ? the convolution operator introduced in (1.12).
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2.2.2 Anisotropic Diffusion

Anisotropic diffusion, i.e. diffusion with the property of being directionally depen-
dent, involves the usage of a diffusion tensor that is not built using the identity
matrix1. Extending the notation used in (2.9), we can write

∂tu = div (g∗(J)∇u) . (2.10)

g∗ is derived from the original diffusivity function g, and now becomes a special
function taking a matrix (the structure tensor J , depending on the blurred image
uσ, see below) as input and also becomes matrix-valued, the result of which we
will call D (the diffusion tensor).

D is constructed as follows:

1. compute the structure tensor J(uσ) = ∇uσ∇u>σ ,

2. perform principal axis transformation (PAT) of the structure tensor,

3. replace the dominant eigenvalue by diffusivity (the other one by 1), and

4. generate the diffusion tensor D.

We now discuss this step by step. First, we compute the traditional structure
tensor (TST) [FG87]. It is used to overcome the cancellation problem of adjacent
gradients having the same direction but opposite orientation, since ∇uσ∇u>σ =
(−∇uσ)(−∇u>σ ). It is typically averaged over a neighborhood in order to obtain
the estimated orientation of the local structure; more on that in Section 2.2.3.

Then, we perform PAT (principal axis transformation), also called spectral
decomposition, on the structure tensor:

J(uσ) = V Λ̊ V > =

(
v1x v2x

v1y v2y

)(
λ1 0
0 λ2

)(
v1x v1y

v2x v2y

)
, (2.11)

yielding its eigenvectors (principal directions) (v1x v1y)
> = v1 ‖ ∇uσ (across the

feature) and (v2x v2y)
> = v2 ⊥ ∇uσ (along the feature) and the corresponding

eigenvalues λ1 and λ2.

After that, the diffusivity is applied to the dominant eigenvector λ1, yielding
the diffusion tensor

D = g∗(J(uσ)) =

(
v1x v2x

v1y v2y

)(
g(|∇uσ|2) 0

0 1

)(
v1x v1y

v2x v2y

)
. (2.12)

This is done in order to attenuate diffusion across structures and to allow diffusion
along structures. Like that, important structures (regions and their borders) do
not get destroyed or delocalized too much. In our case, λ2 = 1, meaning that there
can always be full flow along the structure.

1In (2.9), one could write gI instead of g alone.
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(a) Original fingerprint image (b) Coherence enhancing diffusion

Figure 2.4: Result of lower order coherence enhancing diffusion filtering.

The whole procedure is called edge enhancing diffusion (EED) and is written

∂tu = div (g∗(J(uσ))∇u) . (2.13)

The resulting image with optimized parameters (λ = 3.5, σ = 3, t = 80, τ = 0.2)
for the image from Figure 2.3(a) can be seen in Figure 2.3(c).

What we have seen in this section is in fact nonlinear anisotropic diffusion, a
linear anisotropic filter can of course be created in complete analogy to what is
explained at the beginning of this section.

2.2.3 Coherence Enhancing Diffusion

In the previous subsection, we have seen the direction of a possible structure only
being inferred from the blurred image at the current pixel (inner averaging). One
can extend this method to find the average direction within a certain neighborhood
(outer averaging).

In the previous formulation of EED, this simply means to average the structure
tensor J . This is called the integration scale ρ, and EED then becomes

∂tu = div (g∗(Jρ(uσ))∇u) , (2.14)

where Jρ(uσ) = Gρ ?
(
∇uσ∇u>σ

)
(Gaussian convolution). This is called coherence

enhancing (anisotropic) diffusion (CED) and an example is shown in Figure 2.4.

We now see that EED can be written as ∂tu = div(g∗(J0(uσ))∇u) by merely
setting ρ = 0.
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2.3 Diffusivity and Flux

The diffusivity function g penalizes smoothing of the image when a feature is
present, as one would like to reduce the diffusion in areas of interest, i.e. containing
important details which should not be lost.

A well-known diffusivity function is the one by Perona and Malik [PM90]:

g
(
s2
)

=
1

1 + s2

λ2

, (2.15)

a nonlinear function of the values of s. Note that sometimes this scalar-valued
diffusivity varying by location is denoted as “anisotropic” in literature — what
we mean with anisotropic however is a tensor -valued diffusivity, i.e. directionally
dependent, which we will explore later. In this work, a diffusion equation using
Perona/Malik diffusivity is simply a linear (non-homogeneous) isotropic filter.

A diffusion process can be characterized via its diffusivity function to perform
forward diffusion (smoothing), backward diffusion (feature enhancement), or pos-
sibly both, depending on the location in the image, the nature of the diffusivity
function and the magnitude of its argument. To analyze its behavior, one employs
the flux function

Φ(s) := g(s2) · s . (2.16)

The factor λ (where present2) is called contrast parameter (physicists would
call it conductance threshold) and indicates the border between forward diffusion
and backward diffusion, i.e. if the argument to diffusivity (e.g. the gradient)
is lower than λ we are in presence of backward diffusion, otherwise of forward
diffusion. The range of a diffusivity function’s values commonly lies in the interval
[0; 1].

Let us now write down some well-known diffusivities. We include the flux
functions alongside the diffusivity functions in Figure 2.5. We only show the part
of the plot for a positive argument since the function is usually given as argument a
squared value like the squared gradient norm |∇u|2 > 0. Some common diffusivities
are

Perona/Malik

gPM,λ(s
2) =

1

1 + s2

λ2

, (2.17a)

Charbonnier

gCH,λ(s
2) =

1√
1 + s2

λ2

, and (2.17b)

Weickert

gWK,λ(s
2) =

{
1 (s2 = 0) ,

1− exp
(
−3.31488

( s
λ
)8

)
(s2 > 0) .

(2.17c)
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(a) Perona/Malik diffusivity
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(b) Perona/Malik flux
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(c) Charbonnier diffusivity
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(d) Charbonnier flux
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(e) Weickert diffusivity
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(f) Weickert flux

Figure 2.5: Function plots (λ = 2). I left: diffusivity I right: flux

As one can easily see, Charbonnier diffusivity [CBFAB97] provides no backward
diffusion at all (Φ′

CH(s) > 0, for all s), Perona/Malik diffusivity [PM90] provides
backward/forward diffusion (steered by the contrast parameter λ), and Weickert
diffusivity [Wei98] takes it to the limits (very drastic falloff after the backward/-
forward diffusion border). Therefore, in practice, Weickert diffusion allows to keep
edges of discontinuities very sharp, and usually, for anything to happen, processes
using this diffusivity might need to run for a long time.

2There exist diffusivities without such a parameter, such as total variation diffusivity 1
|s| .
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2.3.1 Flux Analysis — Isotropic Case

To analyze whether local feature enhancement (backward diffusion) is possible at
all, independent of the diffusivity function in use3, one tries to write the diffusion
equation such that on the right hand side one obtains terms that are dependent
on the diffusivity or flux function, or its derivatives.

Taking the example of the nonlinear isotropic filter from (2.8), one can rewrite
it in several ways, and we show that one can be more meaningful than the other,
although both evidently end up with the same result. Note that we perform these
calculations in 1-D for simplicity’s sake:

∂tu = ∂x

(
g(u2

x)ux

)
=

d

dx
(Φ(ux(x)))

=
d

dux

Φ(ux)
d

dx
ux(x)

=
d

dux

Φ(ux)uxx(x)

= Φ′(ux)uxx(x)

,

∂tu = ∂x

(
g(u2

x)ux

)
=

d

dx
g(u2

x) · ux(x) + g(u2
x)

d

dx
ux

=
d

du2
x

g(u2
x)

d

dx
u2

x · ux + g(u2
x)uxx

= g′(u2
x) · 2uxuxx · ux + g(u2

x)uxx

=
(
2g′(u2

x)u
2
x + g(u2

x)
)︸ ︷︷ ︸

Φ′(ux)

uxx(x) .

(2.18)

It is important to always remember that almost everything is a function here,
including the derivatives, which we sometimes write in lazy notation ux which
means ux(x). We have used the Leibniz notation for the derivatives as otherwise
it would not always be perfectly clear (or visible) what variable we are differen-
tiating against, especially during chain rule application in combination with the
aforementioned lazy notation.

(2.18) shows that for Φ′(ux) > 0 we have (second order) forward diffusion, and
for Φ′(ux) < 0 we have backward diffusion (again: only if the diffusivity function
in use permits it at all).

Still in the isotropic case, one can write in 2-D [AGLM93]

∂tu = 2g′ · (uxuxuxx + 2uxuyuxy + uyuyuyy) + g · (uxx + uyy)

= 2g′∇u>H(u)∇u + g∆u

= 2g′|∇u|2∂ηηu + g∂ξξu + g∂ηηu

=
(
2g′|∇u|2 + g

)︸ ︷︷ ︸
Φ′(∇u)

∂ηηu + g∂ξξu ,

(2.19)

where η ‖ ∇u and ξ ⊥ ∇u, i.e. there is forward/backward diffusion along the
flowlines (lines of maximal gray value variation) and forward diffusion along the
isolines (contour line, line along constant gray value).

We see that this is analogous to the 1-D case, where the only exisiting direction
was denoted as x-direction; here, this more generally is η-direction.

3Of course, if the diffusivity function does not permit it, there cannot be backward diffusion.
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2.3.2 Flux Analysis — Anisotropic Case

Let us now investigate edge enhancement (or not) in the anisotropic case. Ob-
viously, here we have to do these calculations in 2-D, as anisotropy in 1-D does
not make much sense. Additionally, the diffusion tensor contains the convolution
uσ = (Gσ ? u), which we however continue to use in this abstract notation.

We had previously introduced EED in (2.13). We rewrite it as

∂tu = div (D∇u) with D = g∗ (J(uσ)) =

(
a b
b c

)
. (2.20)

From PAT (2.11), we know that

D =

(
a b
b c

)
=

(
λ1v1

2
x + λ2v2

2
x λ1v1xv1y + λ2v2xv2y

λ1v1xv1y + λ2v2xv2y λ1v1
2
y + λ2v2

2
y

)
, (2.21)

where v1 = (v1x, v1y)
> and v2 = (v2x, v2y)

> are unit vectors across and along the
feature, respectively.

After replacing λ1 by diffusivity g(|∇uσ|2) and λ2 by 1, and with the reasoning
that v1 ⊥ v2, that is v2 = (−v1y, v1x)

>, we can rewrite (2.20) as

∂tu =
∂

∂x

[
(gv2

1 + v2
2)ux

]
+

∂

∂x
[(gv1v2 − v1v2)uy]

+
∂

∂y
[(gv1v2 − v1v2)ux] +

∂

∂y

[
(gv2

2 + v2
1)uy

]
,

(2.22)

where we simply wrote v1 for the first component of the dominant eigenvector
(previously v1x) and v2 for the second component (previously v1y).

We are in the need of partial derivatives of the diffusivity function g(|∇uσ|2).
Let h(∇uσ) = h((uσ)x, (uσ)y) = |∇uσ|2 = (uσ)2

x(x, y) + (uσ)2
y(x, y), then by the

chain rule we very formally obtain

∂

∂x
g(h((uσ)x(x, y), (uσ)y(x, y)))

=
∂

∂h
g(h) · ∂

∂x
h((uσ)x(x, y), (uσ)y(x, y))

= g′(|∇uσ|2)
( ∂

∂(uσ)x

h((uσ)x, (uσ)y)︸ ︷︷ ︸
(uσ)2x+(uσ)2y

∂

∂x
((uσ)x(x, y))

+
∂

∂(uσ)y

h((uσ)x, (uσ)y)
∂

∂x
((uσ)y(x, y))

)
= g′(|∇uσ|2) (2(uσ)x · (uσ)xx + 2(uσ)y · (uσ)yx) .

(2.23)

Therefore we have

gx(|∇uσ|2) = 2g′(|∇uσ|2) ((uσ)x(uσ)xx + (uσ)y(uσ)yx) , (2.24a)
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and obtain analogously

gy(|∇uσ|2) = 2g′(|∇uσ|2) ((uσ)x(uσ)xy + (uσ)y(uσ)yy) . (2.24b)

Thus, (2.22) becomes

∂tu =
(
gxv

2
1 + g(v2

1)x + (v2
2)x

)
ux +

(
gv2

1 + v2
2

)
uxx

+ (gxv1v2 + (g − 1)(v1v2)x) uy + ((g − 1)v1v2)uyx

+ (gyv1v2 + (g − 1)(v1v2)y) ux + ((g − 1)v1v2)uxy

+
(
gyv

2
2 + g(v2

2)y + (v2
1)y

)
uy +

(
gv2

2 + v2
1

)
uyy ,

(2.25a)

which, after inserting the full expressions for gx and gy and then rearranging, gives

∂tu =
(
2g′(uσ)x(uσ)xx + 2g′(uσ)y(uσ)xy

) (
v2

1ux + v1v2uy

)
+
(
2g′(uσ)x(uσ)xy + 2g′(uσ)y(uσ)yy

) (
v1v2ux + v2

2uy

)
+
(
(g(v2

1)x + (v2
2)x) + ((g − 1)(v1v2)y)

)
ux

+
(
((g − 1)(v1v2)x) + (g(v2

2)y + (v2
1)y)

)
uy

+
(
gv2

1 + v2
2

)
uxx + 2 ((g − 1)v1v2) uxy +

(
gv2

2 + v2
1

)
uyy .

(2.25b)

More compactly, this could be written as

∂tu = 2g′
(
(H(uσ)∇uσ)> ·

(
(vv>)∇u

))
+ g ·

(
(vv>)∇

)
∇u + g · (v>H(u)v︸ ︷︷ ︸

uvv

)

+ 1 ·
(
(v⊥v⊥>)∇

)
∇u + 1 · (v⊥>H(u)v⊥︸ ︷︷ ︸

u
v⊥v⊥

) .

(2.26)

It is reassuring to see the terms with underbraces, which show diffusivity-regulated
flow across the detected structure (v) and full flow along the detected structure
(v⊥), as it should be for an anisotropic process. We do not yet fully grasp the
complete underlying meaning of this expression, and therefore cannot finally say if
it now allows backward diffusion or not, although it seems so: v (and its derivatives)
are affected by g and g′, while v⊥ is affected by the constant 1 alone.
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2.4 Discrete Aspects

This section first introduces the basics of computing approximations of functions
using its derivatives, which is necessary to understand in order to produce correct
discretizations of those derivatives. As an example we compute a discretized ver-
sion of the Perona/Malik equation. We show that all discrete diffusion equations
can be rewritten in matrix notation, which is used to analyze certain properties
and therefore stability issues. Stencil notation (or element-wise notation) and its
relation to matrix notation is also introduced. We then proceed to fully discrete
schemes and finally take a peek at boundary conditions.

2.4.1 Taylor’s Theorem and Finite Differences

Taylor’s theorem gives a sequence of approximations of a differentiable function
around a given point by polynomials (the Taylor polynomials of that function)
whose coefficients depend only on the derivatives of the function at that point
[SB02].

For a sufficiently differentiable function f , an approximation of f at the point
x near a is given by

f(x) ≈ f(a) + f ′(a)(x− a) +
f ′′(a)

2!
(x− a)2 + · · ·+ f (n)(a)

n!
(x− a)n , (2.27a)

or more compactly
∞∑

n=0

f (n)(a)

n!
(x− a)n , (2.27b)

where n! is the factorial of n, f (0) = f , (x− a)0 = 1 and 0! = 1.

In full analogy, the multivariate version is

f(x) = f(a) + Df(a)T (x− a) +
1

2!
(x− a)T D2f(a)(x− a) + · · · , (2.27c)

where Dif denotes the i-th order derivative of f (Euler’s notation).

For a function that depends on two variables, x and y, the Taylor series to
third order about the point (a, b) e.g. is

f(x, y) ≈ f(a, b) + fx(a, b) · (x− a) + fy(a, b) · (y − b)

+
1

2!

(
fxx(a, b) · (x− a)2 + 2fxy(a, b) · (x− a)(y − b) + fyy(a, b) · (y − b)2

)
+

1

3!

(
fxxx(a, b) · (x− a)3 + 3fxxy(a, b) · (x− a)2(y − b)

+ 3fxyy(a, b) · (x− a)(y − b)2 + fyyy(a, b) · (y − b)3
)

.

(2.28)

The expression can be written including a final remainder term, which, when
the series does indeed converge toward zero as n approaches infinity, helps show
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that the function is equal to its Taylor series. It is then an analytic function and
can be validly expressed as a Taylor series in a neighborhood of some point a.

Our goal is to exploit Taylor’s theorem in order to obtain numerical approxi-
mations of derivatives, also called finite difference approximations.

As a very simple example, let us approximate the first order derivative ux(x)
of u(x) in pixel i using the two pixels i, and i + 1. We expand those two points
using Taylor’s theorem and get

ui = ui , as well as

ui+1 = ui + hu′i +
h2

2
u′′i +

h3

6
u′′′i + O(h4) ,

(2.29a)

where h is the pixel grid size. Comparing the coefficients yields

0 · ui + 1 · u′i
!
= α0ui + α1ui+1

= α0ui + α1

(
ui + hu′i +

h2

2
u′′i + · · ·

)
= (α0 + α1) · ui + hα1u

′
i + O(h2) .

(2.29b)

On the left hand side we first indicate the derivative that we would like to obtain
the approximation for (by setting all other coefficients zero) and then note that we
want this to be equal to some approximation using the two desired pixels, which
we then insert from the list of initial Taylor approximations above, and then finally
regroup the terms.

This example leads to the trivial linear system of equations

α0 + α1 = 0 · ui

hα1 = 1 · u′i ,
(2.29c)

which is written in matrix-vector notation as(
1 1
0 1

)(
α0

α1

)
=

(
0
1
h

)
. (2.29d)

The solution is straightforward: α1 = 1
h

and therefore α0 = −α1 = − 1
h
. This

example has shown the creation of the popular forward finite difference

u′i ≈
ui+1 − ui

h
. (2.29e)

The backward difference, in which the center term has a positive sign, can be
explained the same way. The system of equations would be(

0 −1
1 1

)(
α−1

α0

)
=

(
1
h

0

)
, (2.30a)

and therefore yield

u′i ≈
ui − ui−1

h
. (2.30b)
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Both are valid approximations and they are not the only ones. This example
already shows that discretizations can be a delicate subject. When higher order
derivatives (especially mixed derivatives) come into play, one has to be very careful
as it is not always clear which is the best approximation, i.e. also works well in
practice.

It is clear that, the more pixels contribute to the approximation, the better it
probably gets, this is known as order of consistency. Furthermore, one should be
careful about approximations that only use every other pixel (or not include the
center pixel); they may produce checkerboard artifacts, oscillations, etc. and also
they might not be able to detect certain structures (e.g. the very checkerboard
pattern).

2.4.2 Discrete Theory of Diffusion Filters

So far we have seen but modeling and (space- and time-)continuous theory. In
order to utilize these methods on a computing device, where images are sampled
on a pixel grid, one obviously has to turn to the discrete setting for implementation
and also to analyze its pitfalls using a suitable notation: matrix notation.

Let us start with the example of a nonlinear isotropic process of lower order,
which we repeat from (2.9):

∂tu = div
(
g(|∇uσ|2)∇u

)
= ∂x

(
g(|∇uσ|2)∂xu

)
+ ∂y

(
g(|∇uσ|2)∂yu

)
.

(2.31)

In the semi-discrete setting, space is discretized, thus in pixel (i, j) we have

dui,j

dt
≈

(g(|∇uσ|2)∂xu)i+ 1
2
,j − (g(|∇uσ|2)∂xu)i− 1

2
,j

hx

+
(g(|∇uσ|2)∂yu)i,j+ 1

2
− (g(|∇uσ|2)∂yu)i,j− 1

2

hy

=
(g(|∇uσ|2))i+ 1

2
,j (∂xu)i+ 1

2
,j − (g(|∇uσ|2))i+ 1

2
,j (∂xu)i− 1

2
,j

hx

+
(g(|∇uσ|2))i,j+ 1

2
(∂yu)i,j+ 1

2
− (g(|∇uσ|2))i,j− 1

2
(∂yu)i,j− 1

2

hy

≈

(gi+1,j+gi,j

2

) (ui+1,j−ui,j

hx

)
−
(gi,j+gi−1,j

2

) (ui,j−ui−1,j

hx

)
hx

+

(gi,j+1+gi,j

2

) (ui,j+1−ui,j

hy

)
−
(gi,j+gi,j−1

2

) (ui,j−ui,j−1

hy

)
hy

,

(2.32)

where hx and hy denote the grid sizes in x- and y-directions respectively, and have
nothing to do with a derivative. The first approximation is produced by central
derivatives; the second equality splits diffusivity (g) and image gradient (ux, uy)
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into separate discretizations; finally, we obtain the diffusivities between the pixel
grid by averaging the values on the grid points and the image data by using central
derivatives again.

As we mentioned, this can be written in so-called matrix notation, which in fact
is the notation of a system of ordinary differential equations using a matrix-vector
product on the right hand side

∂u

∂t
= A(u)u , (2.33)

where A is called the system matrix and contains the diffusivities, or more exactly:
the map that tells us how much each pixel contributes to each other pixel. One
simply has to rearrange the result of (2.32).

Note that the 2-D image u is encoded as a 1-D vector, its elements are the
pixels of the image from left to right and from top to bottom. This means they
are now ordered in a linear fashion, i.e. no longer indexed two-dimensionally with
ui,j but as uo(i,j) via a function o(i, j) = j · N + i, where j denotes the row and i
the column of the respective element (zero-based).

The system matrix A is not necessarily symmetric; a symmetric matrix means
that pixel i contributes to pixel j as much as pixel j contributes to pixel i. This
does not need to be the case, but can be used to prove certain properties of the
diffusion process, if it applies. It is a sparse matrix with as many diagonals as there
are neighboring pixels to be considered to compute the new value at the current
pixel. The number of intermediate diagonals containing only zeroes is therefore
related to the image size and thus the “distance” to the next dimension.

The diagonals that are far away from the main diagonal in the system matrix
contain the neighboring pixels from another row (but the same column) of the
signal, while the diagonals that are adjacent to the center diagonal represent the
neighbors from the current row (but the other columns). Clearly showing all
interactions for a 4× 2 image (4 columns, 2 rows, 8 pixels), this looks like

a0→0 a1→0 0 0 a4→0 0 0 0
a0→1 a1→1 a2→1 0 0 a5→1 0 0

0 a1→2 a2→2 a3→2 0 0 a6→2 0
0 0 a2→3 a3→3 0 0 0 a7→3

a0→4 0 0 0 a4→4 a5→4 0 0
0 a1→5 0 0 a4→5 a5→5 a6→5 0
0 0 a2→6 0 0 a5→6 a6→6 a7→6

0 0 0 a3→7 0 0 a6→7 a7→7


︸ ︷︷ ︸

A



u0

u1

u2

u3

u4

u5

u6

u7


, (2.34)

i.e. inside the system matrix we denote the contribution of pixel uk
p (previous

iteration’s result) to pixel uk+1
q by ap→q, which equals aqp in traditional matrix

element notation (note the switched indices). Coordinates (i, j) of p could be
recovered by computing

i = p mod N and j = b p

N
c ,
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for a previously “linearized” pixel index p = o(i, j), where b·c denotes rounding
to the lower integer value4. Section 2.4.4 will take a look at the same issue from
another perspective, making this issue more intuitive, especially the question why
not all diagonals of matrix (2.34) are complete.

For now, we however consequently proceed from semi-discrete to fully discrete
theory, in which time is discretized too:

uk+1 − uk

τ
= A(u)u , (2.35)

where k denotes the time step and τ the time step size. We currently do not have
a time step on the right-hand side; this will be explored in the next section.

2.4.3 Fully Discrete Schemes

In fully discrete theory (remember (2.35)), there exist several schemes one can
employ to solve for uk+1. Note that u0 = f , where f is the original image.

Explicit Scheme (Forward Euler Method)

The explicit scheme is derived from (2.35) by setting time on the right-hand side
to the previous time step and then rearranging terms:

uk+1 − uk

τ
= A(uk)uk

⇐⇒ uk+1 = uk + τA(uk)uk

⇐⇒ uk+1 =
(
I + τA(uk)

)︸ ︷︷ ︸
Q(uk)

uk ,

(2.36a)

where I = diag(1) is the identity matrix of appropriate size.

This is the most trivial scheme, as it only involves matrix-vector multiplication
to solve for the next iterand. It is restricted by the time step size τ which must
lie below a certain maximum, above which the scheme destabilizes, which happens
when certain entries of the matrix Q change sign, i.e. become negative (see the
design criteria for diffusion filters, especially (D4) and (D5), by Weickert [Wei98]).
Therefore it is the slowest of all schemes; nevertheless, it is used in our experiments
because it is the numerically most exact scheme and easy to implement.

4In practice, this can be done in a computationally less intensive way using addition and
subtraction of certain known array offsets. This is however only important when using a more
advanced solver like SOR.
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Semi-Implicit Scheme (Backward Euler Method)

The semi-implicit scheme replaces the current with the future time step on the
right-hand side:

uk+1 − uk

τ
= A(uk)uk+1

⇐⇒ uk+1 − τA(uk)uk+1 = uk

⇐⇒
(
I− τA(uk)

)
uk+1 = uk

⇐⇒ uk+1 =
(
I− τA(uk)

)−1︸ ︷︷ ︸
Q

uk ,

(2.36b)

and thus requires to solve a linear system of equations in each iteration (it is no
great effort to obtain A(uk) from the known uk). This can be done efficiently using
e.g. Jacobi, Gauss-Seidel or successive over-relaxation (SOR) solvers, which can
however be less precise than the explicit method. SOR requires a symmetric and
positive definite matrix Q to guarantee convergence; for Gauss-Seidel, a diagonally
dominant matrix also works. The time step size can be chosen arbitrarily large,
without having to worry about stability, although precision will suffer.

Fully Implicit Scheme

For the sake of completeness, we also mention the fully implicit scheme in which
implicitness is introduced into the diffusivity term too, and is written

uk+1 − uk

τ
= A(uk+1)uk+1

⇐⇒
(
I− τA(uk+1)

)
uk+1 = uk

⇐⇒ uk+1 =
(
I− τA(uk+1)

)−1
uk .

(2.36c)

It thus requires to solve a nonlinear system of equations in each iteration, as the
matrix A depends nonlinearly on the unknown uk+1 because of the nonlinear
diffusivity function g therein. uk+1 needs to be determined such that the resulting
matrix A(uk+1) is a solution of the linear system of equations. This scheme is
computationally most expensive, as it needs to be processed e.g. by solving a
series of linear systems of equations.

2.4.4 Stencil Notation

Diffusion in the discrete setting in the end is nothing more than consecutively
applying a weighted sum of the pixels in a local neighborhood, optionally also
including the center pixel, to the center pixel, for all pixels. Stencil notation
clearly shows this for one single pixel and can therefore be considered as element-
based notation. It is produced by sorting the terms from the discretized divergence
expression by indices (ui−1,j, ui,j, . . .), extracting their coefficients (diffusivity). It
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thus represents one row of the system matrix, therefore demystifying it a little
bit; more on that correspondence below. Since all the rows of the system matrix
are the same, except for an index shift, sometimes by simply looking at the sign
pattern of the stencil, one can already make assumptions about the stability of a
certain process.

A stencil indicates the new value of the center pixel (shown in gray) with regard
to the sum of the values of the neighboring pixels5:

(i− 1, j − 1) (i, j − 1) (i + 1, j − 1)
(i− 1, j) (i, j) (i + 1, j)

(i− 1, j + 1) (i, j + 1) (i + 1, j + 1)

Applying a stencil to an image, means positioning its center (consecutively) onto
each pixel of the image and performing the above-mentioned operation. We denote
with “·” the application of a stencil to some other grid of elements (e.g. other
stencil, image, . . . ).

Formally, one can write for a stencil S and an image pixel ui,j the stencil
application uk+1

i,j = S · uk
i,j as

uk+1
i,j =

∑
p∈{0,...,sx−1}
q∈{0,...,sy−1}

Sp,qu
k
i+p−2cx,j+q−2cy

, (2.37)

where sx and sy denote the size of the stencil S in x- and y-direction, respectively,
and cx and cy denote the center of the stencil, i.e. for a sx × sy stencil (usually,
sx = sy) the center is at (cx, cy) = (b sx

2
c, b sy

2
c), as the sizes must forcibly be

odd values, otherwise the center was not clearly defined. Furthermore, if i + p 6∈
{0, . . . ,M − 1} and j + q 6∈ {0, . . . , N − 1}, the summands are supposed to adhere
to some predefined boundary condition (e.g. simply be zero). For pseudocode, we
refer the reader to Appendix A.3.

Now one can write the system matrix (2.34) as

A =



c0 x+
0 0 0 y+

0 0 0 0
x−1 c1 x+

1 0 0 y+
1 0 0

0 x−2 c2 x+
2 0 0 y+

2 0
0 0 x−3 c3 0 0 0 y+

3

y−4 0 0 0 c4 x+
4 0 0

0 y−5 0 0 x−5 c5 x+
5 0

0 0 y−6 0 0 x−6 c6 x+
6

0 0 0 y−7 0 0 x−7 c7


. (2.38)

We denote the center weights for the corresponding stencil application (centered
at ui) by ci and their left, right, lower and upper neighbor weights by x−i , x+

i ,

5Again, note that this ordering is different from the organization of a matrix where the
first index indicates the row and therefore goes downward, and the second index the column
(rightward).
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y−i and y+
i , respectively. Here we can see, as previously mentioned, how the near

diagonals contain the interactions with the elements in the same row (denoted as
x+ and x−) and the far diagonals contain elements from other rows (denoted as
y+ and y−). With the previously mentioned linear ordering, the image would be
encoded in a structure like

uo(0,0) = u0 uo(1,0) = u1 uo(2,0) = u2 uo(3,0) = u3

uo(0,1) = u4 uo(1,1) = u5 uo(2,1) = u6 uo(3,1) = u7
.

Therefore, in each row of the system matrix one can see the stencil applied. The
stencil with its corresponding weights at element u3 (upper right corner of image)
would thus look like

0 0 0
x−3 c3 0
0 y+

3 0
· u3 .

The stencil application to pixel ui can be seen in row i of the system matrix (zero-
based). We have marked the row corresponding to the previous stencil in matrix
(2.38). Note that since we use a very simple example (otherwise the system matrix
would become too large to illustrate), we are always at a boundary of the image.
These so-called boundary conditions can pose problems (e.g. note the upper row
and rightmost column of the preceding stencil equal zero), and will therefore be
treated next.

2.4.5 Boundary Conditions

Boundary treatment is important in the discrete handling of evolution equations,
especially their derivatives. Imagine a 1-D signal u with domain {1, . . . , N} of
which we try to find e.g. the first order derivatives. One of the simplest ways
to do this would be to apply a forward finite difference scheme u′ ≈ ui+1−ui

h
(h

being the pixel size) to each value in order to obtain the derivative at that point.
Computing a value using this scheme at e.g. the border point N is not possible this
way, since it would need the value at N +1 at which the function u is not defined.
Using backward differences would generate the same problem at the lower end 1.
Using central differences would create the problem at both ends of the domain.

To overcome this deficiency one usually defines certain boundary conditions
which extend the domain of a function at both ends. The most popular methods
are (still in 1-D for simplicity’s sake):

periodic boundary conditions, which repeat the signal over and over again

ui+nN = ui for n ∈ Z and i ∈ Ω , (2.39a)

Dirichlet boundary conditions, which merely define everything outside of the
domain to be zero (zeroth order boundary)

ui = 0 for i 6∈ Ω , and (2.39b)
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Neumann boundary conditions which make the first order derivative zero across
boundaries, which happens when mirroring the signal at the boundaries,
which is why these boundary conditions are also called reflecting or mirroring
boundary conditions (first order boundary)

∂

∂n
ui = 0 for i ∈ Γ , (2.39c)

where n is the (outer) normal vector on Γ, by which we informally denote
the border region, and therefore ∂u

∂n
:= n>∇u the directional derivative of u

in the direction of n. Typically, this normal vector is parallel to a coordinate
axis.

When both Dirichlet and Neumann boundary conditions are imposed, we talk
about Cauchy boundary conditions.

Generally, natural boundary conditions that arise out of a variational problem
(see next section) could be any of those methods or other, more complex ones.
For higher order methods one usually also needs more than a border size of one
dummy pixel: the worst approximation of any derivative of order n using the finite
difference method comprises n + 1 function values, i.e. for a fourth order equation
one needs two boundary pixels if the finite difference scheme that is employed is
central (best case).

2.5 Variational Formulation and Numerics

It is important to know the two main strategies used to find a numerical solution
(using a finite precision computing device) to the problems at hand. To that end
we first have to introduce an energy functional 6, which is an integral expression
of the form

E(u) =

∫
Ω

D(u(x, y)) +
∑

i

αiSi(u(x, y)) dx dy , (2.40)

where D denotes a data term (or similarity term) like the squared difference
(u− f)2, with u being the evolved and f the original image, and S designates
a smoothness assumption, of which there can be many although it is nice to have
a well-working model with as few smoothness assumptions as possible. αi is the
regularization parameter with regard to the smoothness term Si; in the case of
multiple smoothness terms, it allows to assign a certain weight/importance to
each one. This energy functional is also called variational problem or formulation.

As mentioned before, the two numerical solution strategies to find a minimizer
are the

Elliptic method, using which one obtains the divergence expression by comput-
ing the Euler-Lagrange equation(s) from the functional, which constitute a

6functional : a function taking function(s) in its argument
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necessary condition for a minimizer [GF00]. The general Euler-Lagrange
equation up to order M can be written

0
!
=

M∑
k=0

(−1)k ·
2k∑
i=1

Dk
i EDk

i u

 , (2.41)

where Dk
i u here denotes, similar to Euler’s notation, the i-th k-th order

derivative (also mixed) of u [Har06].

The Euler-Lagrange equation for a 2-D signal up to an order of two thus is

0
!
= Eu−

∂

∂x
Eux−

∂

∂y
Euy +

∂

∂xx
Euxx+

∂

∂xy
Euxy +

∂

∂yx
Euyx+

∂

∂yy
Euyy . (2.42)

These finally lead to large linear or nonlinear systems of equations, that need
to be solved.

Parabolic method, in which one applies gradient descent to the energy func-
tional, resulting in a diffusion equation, or in a diffusion-reaction system (if
a data term was specified). One then has to compute the steady state of this
evolution, i.e. the solution for t →∞.

A minimizer of a (discrete) energy functional necessarily satisfies ∇uE = 0,
with u ∈ Rn. Gradient descent then is

∂tu = −γ∇uE , (2.43)

with an arbitrary speed factor γ > 0.

Obviously, this is in no contradiction to the Euler-Lagrange equations above,
since for t = ∞ we have ∂tu = 0.

In the elliptic world, one talks about smoothness and data terms, and their coun-
terparts in the parabolic world are diffusion and reaction terms, respectively. In
this work, we employ the parabolic approach, i.e. we compute evolutions using
methods that we describe in one of the upcoming sections. These evolutions create
so-called scale spaces [RSW99, SW00].

We do not base our novel methods on any energy functional – finding one is
no obvious task – we are working on the Euler-Lagrange equations directly, so to
speak. Afterward, we will see if there is a possibility to nicely recast this as energy
functional.

Note the strange writing of the diffusivity functions with a squared argument
on the left hand side (remember Section 2.3). This is justified by the fact that like
this, we can interpret g directly as diffusivity. Let us use an energy functional with
a nonlinear isotropic smoothness term (i.e. as the evolution evolves, the edges are
allowed to “move”)

E(u(x, y)) =

∫
Ω

D(u) + αΨ(|∇u|2) dx dy . (2.44a)
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(a) Classic optic flow color
coding scheme (includes

orientation)

(b) Structure detection
color coding scheme (no

orientation)

(c) Vectors that have same
direction but opposite

orientation

Figure 2.6: Color coding schemes with and without orientation information.

Next, we do not use a squared argument in the smoothness term.

E(u(x, y)) =

∫
Ω

D(u) + αΨ(|∇u|) dx dy . (2.44b)

The corresponding Euler-Lagrange equations would be

0 = Eu − α div
(
Ψ′ (|∇u|2

)
∇u
)

(2.45a)

and

0 = Eu − α div

(
Ψ′ (|∇u|) ∇u

|∇u|

)
, (2.45b)

respectively. Note that only in the former case, we can correctly call Ψ′ diffusivity,
which we usually denote as g.

2.6 Structure Detection

In this section, we give an overview over some of the modeling choices when design-
ing an image smoother. More specifically, we are interested in the anisotropic case,
where direction, orientation, structure tensor and the argument to the diffusivity
function come into play.

2.6.1 Direction and Orientation

A straight line only has a direction and contains no orientation information. A
vector v that is parallel to that line can have two possible orientations. If we scale
the vector v by a scalar λ, we have that λv, λ > 0 has the same orientation than
v whereas λv, λ < 0 and v have opposite orientation, while all have the same
direction. See also Figure 2.6(c).
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Figure 2.7: Test image featuring discontinuities and linear gradients (Source:[Did08]).

In contrast to optic flow problems, where it is necessary to know the actual
direction and orientation of how things change, we need only consider the direction.
Therefore we introduce a novel color coding scheme, which can be seen in Figure
2.6(b) alongside the classic coding (as used e.g. by [Bru06]) in Figure 2.6(a).

2.6.2 Structure Tensors

We have already seen the traditional structure tensor (TST) [FG87]:

Gρ ?
(
∇uσ∇u>σ

)
= Gρ ?

(
(uσ)x(uσ)x (uσ)x(uσ)y

(uσ)y(uσ)x (uσ)y(uσ)y

)
. (2.46)

When we are interested in recognizing higher order features we might simply
use the Hessian matrix of the regularized image

H(uσ) =

(
(uσ)xx (uσ)xy

(uσ)yx (uσ)yy

)
(2.47)

instead of the aforementioned structure tensor, optionally including the outer av-
eraging by Gaussian convolution.

This cannot be called “higher order structure tensor” (as in [SWS09]) but
rather is a TST featuring higher order components (TSTHOC ) in the spirit of
[CZ98]. Figure 2.8 illustrates the use of the TST and TSTHOC with different diffu-
sivity arguments on the test image 2.7 featuring linear gradients. Each subfigure
contains a plot of the dominant eigenvector of the corresponding structure ten-
sor (left), where the recognized directions are colored according to the novel color
coding from Figure 2.6(b). The right element of each subfigure contains the same
representation, only this time color values are attenuated with regard to the argu-
ment to the diffusivity function g. Dark areas indicate regions of no features (high
diffusivity) and the colored areas remain where diffusivity is low, i.e. a structure
was detected, in order to see what direction was detected for that structure.

The red color in the directional plots can indicate a horizontal direction being
detected, but it can also be a sign that no direction was detected, i.e. the default
dominant eigenvector is (1, 0)> (treated as such in our code), which is exactly red.
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(a) D = ∇uσ∇u>σ , g(|∇uσ|2) (b) D = ∇uσ∇u>σ , g(‖H(uσ)‖2Fr)

(c) D = H(uσ), g(|∇uσ|2) (d) D = H(uσ), g(‖H(uσ)‖2Fr)

Figure 2.8: Principal directions and diffusivity of test image with linear gradients.

This is in fact the case here: after applying the diffusivity function we see that
most of those regions turn dark.

In the upper row of Figure 2.8 we see the TST applied to the image with
both first (left subfigure) and second order (right subfigure) arguments given to
the diffusivity function, i.e. squared gradient magnitude and squared Frobenius
norm of the Hessian, respectively. We can see that the directions of the linear
gradients are detected very concisely using the TST. Since the Hessian norm of
a linear change in values is zero, the upper right picture gives the desired effect
after applying diffusivity: low diffusivity is attributed to edges and high diffusivity
happens in the linear regions.

The lower row of Figure 2.8 contains the same experiment, only this time using
TSTHOC . We can see that no directions are (correctly) detected. This is easy to
explain, as a second order derivative is zero for constant parts of the image and
also for linear gradients. Also note that the second order structure detector does
not jump at the edge itself but only at its boundaries (as the second derivative
only is high at high variations of the gradient, i.e. at high curvature).

Derivatives of odd order have an extremum at the edge, while derivatives of
even order are only zero there, as Figure 2.9 illustrates for an edge-like signal and a
signal with a peak. In a practical example, one can see this in Figure 2.10, showing
the detected directions weighted by diffusivity after an evolution process applied
to the image from Figure 2.3(a).

It follows in a straightforward manner that in the next step we have to use some
test image with higher order features. To that end we use the two-dimensional sine
signal from Figure 2.11. Note that the colors in Figure 2.11(b) have nothing to do
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Figure 2.9: Derivatives of up to order four of a I top: noise-like function (Gaussian) , and
I bottom: an edge-like function (tanh(x)) .

with directions, they merely indicate the magnitude of the signal (gray value from
subfigure (a) treated as third dimension). The results can be inspected in Figure
2.12.

This time we see that both TST and TSTHOC correctly recognize the feature
directions. The TST still seems to be the cleaner solution as the TSTHOC appears
noisier. This could however be attributed to the discretizations of higher order
derivatives, where especially the implementation of high-quality mixed derivatives
can be tricky. Additionally, the TSTHOC (correctly) detects a structure at the
(non-stationary) points of inflection (u′′ = 0, u′ 6= 0); it is not clear if we want this
or not. In any case, this feature is of no particular interest and when the higher
order diffusivity argument comes into play (rightmost items in Figure 2.12), those
areas are attenuated anyway, so the results are more or less the same.
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(a) g(|∇uσ|) (b) g(‖H(u)‖2Fr)

Figure 2.10: Illustration of the impact of different arguments to the diffusivity function.

(a) 2-D image (b) 3-D plot of 2-D image

Figure 2.11: Sinusoidal test image (Source:[Did08]).

(a) D = ∇uσ∇u>σ , g(|∇uσ|2) (b) D = ∇uσ∇u>σ , g(‖H(uσ)‖2Fr)

(c) D = H(uσ), g(|∇uσ|2) (d) D = H(uσ), g(‖H(uσ)‖2Fr)

Figure 2.12: Principal directions and diffusivity for a sinusoidal signal.



Chapter 3

Higher Order Methods

In the previous chapter, we have revisited the common diffusion methods. Which
one to choose for a specific task depends on experience and on the field of appli-
cation — there is no general recipe. One could for example argue that a nonlinear
(flow-driven) method prevails over a linear (image-driven) method to enhance a
noisy image, as the noise in the initial image can be misinterpreted as features.
On the other hand, one can argue for linear diffusion in the case where prominent
structure is featured in the initial image and which probably needs to be kept. It
would be nonsense to use a nonlinear process in this case, which, at some point,
might blur the important structure away, or at least create blurred edges, which
(at least visually) will not be very appealing.

What we left out in the previous chapter was the fundamental change of not
only using derivatives of order two in the evolution equation, but derivatives of
higher order (than order two). It is important to understand that when using
derivatives of order four in the evolution equation, we penalize features of order
two or more. If we wrote a fourth order evolution equation as an energy functional
(when possible), we would encounter smoothness terms including derivatives of
order two.

This means that structures are altered, such that their final order is less than
order two, i.e. in the extreme case they become linear variations (order one).
Features that are of less than order two are left unaltered because they are not
recognized by the higher order terms (e.g. a second order derivative of a linear
function is zero). In general, one can consider higher order methods to contain
less staircasing and rather be curvature-driven.

As a sidenote: as far as e.g. linear isotropic diffusion is concerned, it can be
generalized easily. Let u(x, y) be a signal in two-dimensional Cartesian coordinates,
then linear isotropic diffusion of order 2n can be written

∂tu = (−1)n+1∆n(u) with ∆n(u) :=
n∑

i=0

(
n

i

)
∂2nu

∂2n−2i
x ∂2i

y

. (3.1)

where ∆ denotes the Laplacian as introduced in (1.10).

33
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3.1 Theoretical Aspects

It is important to know if a numerical scheme is stable, and under what conditions.
Stability depends on many things, most notably the discretization and the fully
discrete scheme used (see Section 2.4.3).

Many lower order methods adhere to a maximum-minimum principle

min
j

fj ≤ ui(t) ≤ max
j

fj ∀i,∀t > 0 , (3.2)

i.e. the maximum and minimum value of the original image f will not be exceeded
by the evolved image u during any time of the evolution. Other properties are e.g.
convergence toward a constant steady state and preservation of average gray value
[Wei98].

Using higher order methods however, a stability like this is more rarely encoun-
tered — over- and undershoots happen frequently. Experience shows that higher
order methods can nevertheless adhere to weaker stability conditions like stability
in the L2-norm

‖uk+1‖2 ≤ ‖uk‖2 , (3.3)

where ‖u‖2 :=
√∑n

i=1 |ui|2, which is synonymous with monotonically decreasing
variance between the original and evolved image during the evolution, thus limiting
the magnitude of over- and undershoots. Let (σ2(u))k be the variance of the image
u at iteration k, then we have

‖uk+1‖2 ≤ ‖uk‖2√√√√ |Ω|∑
i=1

|uk+1
i |2 ≤

√√√√ |Ω|∑
i=1

|uk
i |2

|Ω|∑
i=1

(
uk+1

i

)2 ≤ |Ω|∑
i=1

(
uk

i

)2
and

(
σ2(u)

)k+1 ≤
(
σ2(u)

)k∑|Ω|
i=1

(
uk+1

i −M(uk+1)
)2

|Ω|
≤
∑|Ω|

i=1

(
uk

i −M(uk)
)2

|Ω|
|Ω|∑
i=1

(
uk+1

i −M(uk+1)
)2 ≤ |Ω|∑

i=1

(
uk

i −M(uk)
)2

,

(3.4)
since the number of pixels stays the same across iterations.

We thus see that if the average gray value (mean M) is preserved across the
evolution (which it usually is, also for higher order processes), L2 stability is the
same as monotonously decreasing variance.

We will soon need Gershgorin’s circle theorem, therefore we introduce it here.
It gives upper and lower bounds

|λ− aii| ≤
∑
j 6=i

|aij| ,∀j (3.5)

for the eigenvalues of a matrix [SB02]. This is called circle theorem because we
can imagine these bounds to form a circle in the real/imaginary plane at center
aii and with radius

∑
j 6=i |aij|.
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3.2 Low Curvature Image Simplifier

In [TT99] Tumblin and Turk have introduced the so-called low curvature image
simplifier (LCIS), an evolution equation which they use inside their LCIS hierarchy
to perform detail-preserving contrast reduction of images.

Using our notations, their evolution equation is written

∂tu = − div
(
g
(
‖H(u)‖2

Fr

)
∇ (∆u)

)
. (3.6)

While their hierarchy does more than just apply the evolution equation [Tum99],
their goal with the said equation is to be able to sort of segment an image into re-
gions of large features and small features, where “large features” means e.g. a wall
that is lit by a light and therefore exhibits many small gradients (radial gradient),
and “small features” means small areas of high contrast details. Therefore they
developed this higher order method to be able to create piecewise linear approx-
imations and thus minimize the overall curvature (change in gradient) instead of
the usual piecewise constant approximations which try to minimize the gradient
itself.

The LCIS evolution equation (3.6) is not practical in the sense that it certainly
cannot be written in variational formulation because inner and outer derivatives are
not of the same order and therefore the inner and outer differentiation operators
cannot be adjoint. One must also be careful with the nomenclature: this is an
evolution equation but it is not diffusion.

In [Met08], Metzner analyzes the flux of this evolution method and concludes
that it performs forward diffusion only, i.e. only smoothes the image and does not
perform contrast enhancement. This probably means that without the entire LCIS
hierarchy it might be of limited use. We have nevertheless chosen this method as
a “warm-up” and a candidate for comparison in our exploration of higher order
methods.

By the way, the homogeneous version of the LCIS evolution equation reduces
to smoothing using the biharmonic operator

∂tu = − div(∇∆u) = −∆2u . (3.7)

The equation of Wei [Wei99]

∂tu = − div
(
g
(
|∇u|2

)
∇ (∆u)

)
(3.8)

employs another argument to diffusivity than the original LCIS evolution equation
(3.6). We use it as an interesting variation of parameters for our experiments, since
we have already seen in Section 2.6 that this is an important parameter. Results
will be shown in the next chapter — for now we turn to the discretization and
theoretical aspects.
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3.2.1 Discretization

In this section, we show our discretization for the evolution equation presented in
(3.6). We proceed analogously to the example in Section 2.4.2, while we simply
write g as shortcut for g(‖H(u)‖2

Fr):

∂tu = − div (g∇ (∆u))

= −∂x (g ∂x(∆u))− ∂y (g ∂y(∆u))
. (3.9)

Using backward and forward finite differences for the outer and inner differentiation
operators respectively, gives

dui,j

dt
≈ −(g ∂x∆u)i,j − (g ∂x∆u)i−1,j

hx

− (g ∂y∆u)i,j − (g ∂y∆u)i,j−1

hy

≈ −gi,j(∂x∆u)i,j − gi−1,j(∂x∆u)i−1,j

hx

− gi,j(∂y∆u)i,j − gi,j−1(∂y∆u)i,j−1

hy

≈ −gi,j

h4
x

((ui,j − 2ui+1,j + ui+2,j)− (ui−1,j − 2ui,j + ui+1,j))

− gi,j

h2
xh

2
y

((ui+1,j−1 − 2ui+1,j + ui+1,j+1)− (ui,j−1 − 2ui,j + ui,j+1))

+
gi−1,j

h4
x

((ui−1,j − 2ui,j + ui+1,j)− (ui−2,j − 2ui−1,j + ui,j))

+
gi−1,j

h2
xh

2
y

((ui,j−1 − 2ui,j + ui,j+1)− (ui−1,j−1 − 2ui−1,j + ui−1,j+1))

− gi,j

h3
xhy

((ui−1,j+1 − 2ui,j+1 + ui+1,j+1)− (ui−1,j − 2ui,j + ui+1,j))

− gi,j

hxh2
y

((ui,j − 2ui,j+1 + ui,j+2)− (ui,j−1 − 2ui,j + ui,j+1))

+
gi,j−1

h3
xhy

((ui−1,j − 2ui,j + ui+1,j)− (ui−1,j−1 − 2ui,j−1 + ui+1,j−1))

+
gi,j−1

hxh3
y

((ui,j−1 − 2ui,j + ui,j+1)− (ui,j−2 − 2ui,j−1 + ui,j)) .

While one would not need to present a stencil here, as from an implementational
point of view, one can simply insert an approximation for ∆u instead of u into an
existing implementation of EED, we nevertheless show the stencil in Figure 3.1 as
it can help obtain stability results.

Alternative Discretization

Another suitable discretization for (3.6) could e.g. be

dui,j

dt
≈ −

(g ∂x∆u)i+ 1
2
,j − (g ∂x∆u)i− 1

2
,j

hx

−
(g ∂y∆u)i,j+ 1

2
− (g ∂y∆u)i,j− 1

2

hy



3.2. LOW CURVATURE IMAGE SIMPLIFIER 37
i−

2
i−

1
i

i
+

1
i
+

2

j
−

2
0

0
−

1
2
h
4y (

g
i,j−

1
+

g
i,j )

0
0

j
−

1
0

−
1

2
h
2x
h
2y (

g
i,j−

1
+

g
i−

1
,j

+
2g

i,j )
1

2
h
2x
h
2y (

2g
i,j−

1
+

g
i−

1
,j +

4g
i,j +

g
i+

1
,j )

+
1

2
h
4y (

3g
i,j−

1
+

4g
i,j

+
g

i,j+
1 )

−
1

2
h
2x
h
2y (

g
i,j−

1
+

2g
i,j

+
g

i+
1
,j )

0

j
−

1
2
h
4x (

g
i−

1
,j

+
g

i,j )
1

2
h
4x (

3g
i−

1
,j +

4g
i,j +

g
i+

1
,j )

+
1

2
h
2x
h
2y (

g
i,j−

1
+

2g
i−

1
,j

+
4g

i,j
+

g
i,j+

1 )

−
1

2
h
4x (

3g
i−

1
,j +

6g
i,j +

3g
i+

1
,j )

+
−

1
2
h
2x
h
2y (

2g
i,j−

1
+

2g
i−

1
,j

+
8g

i,j
+

2g
i+

1
,j

+
2g

i,j+
1 )

+
−

1
2
h
4y (

3g
i,j−

1
+

6g
i,j

+
3g

i,j+
1 )

1
2
h
4x (

g
i−

1
,j

+
4g

i,j
+

3g
i+

1
,j )1

2
h
2x
h
2y (

g
i,j−

1 +
4g

i,j +

2g
i+

1
,j

+
g

i,j+
1 )

−
1

2
h
4x (

g
i,j

+
g

i+
1
,j )

j
+

1
0

−
1

2
h
2x
h
2y (

g
i−

1
,j

+

2g
i,j

+
g

i,j+
1 )

1
2
h
2x
h
2y (

g
i−

1
,j +

4g
i,j +

g
i+

1
,j

+
2g

i,j+
1 )

+
1

2
h
4y (

g
i,j−

1 +
4g

i,j +

3g
i,j+

1 )
−

1
2
h
2x
h
2y (

2g
i,j +

g
i+

1
,j +

g
i,j+

1 )
0

j
+

2
0

0
−

1
2
h
4y (

g
i,j

+
g

i,j+
1 )

0
0

·u

F
ig

u
r
e

3
.1

:
Stencil

for
the

discretization
of

the
isotropic

L
C

IS
evolution

equation.



38 CHAPTER 3. HIGHER ORDER METHODS

≈ −
gi+ 1

2
,j(∂x∆u)i+ 1

2
,j − gi− 1

2
,j(∂x∆u)i− 1

2
,j

hx

−
gi,j+ 1

2
(∂y∆u)i,j+ 1

2
− gi,j− 1

2
(∂y∆u)i,j− 1

2

hy

≈ −
gi+1,j+gi,j

2
(uxxx + uyyx)i+ 1

2
,j −

gi,j+gi−1,j

2
(uxxx + uyyx)i− 1

2
,j

hx

−
gi,j+1+gi,j

2
(uxxy + uyyy)i,j+ 1

2
− gi,j+gi,j−1

2
(uxxy + uyyy)i,j− 1

2

hy

≈ −
gi+1,j+gi,j

2

(
(uxx)i+1,j−(uxx)i,j

hx
+

(uyy)i+1,j−(uyy)i,j

hx

)
hx

+

gi,j+gi−1,j

2

(
(uxx)i,j−(uxx)i−1,j

hx
+

(uyy)i,j−(uyy)i−1,j

hx

)
hx

−
gi,j+1+gi,j

2

(
(uxx)i,j+1−(uxx)i,j

hy
+

(uyy)i,j+1−(uyy)i,j

hy

)
hy

+

gi,j+gi,j−1

2

(
(uxx)i,j−(uxx)i,j−1

hy
+

(uyy)i,j−(uyy)i,j−1

hy

)
hy

≈ −gi+1,j + gi,j

2h4
x

(ui+2,j − 2ui+1,j + ui,j − (ui+1,j − 2ui,j + ui−1,j))

− gi+1,j + gi,j

2h4
x

(ui+1,j+1 − 2ui+1,j + ui+1,j−1 − (ui,j+1 − 2ui,j + ui,j−1))

+
gi,j + gi−1,j

2h4
x

(ui+1,j − 2ui,j + ui−1,j − (ui,j − 2ui−1,j + ui−2,j))

+
gi,j + gi−1,j

2h2
xh

2
y

(ui,j+1 − 2ui,j + ui,j−1 − (ui−1,j+1 − 2ui−1,j + ui−1,j−1))

− gi,j+1 + gi,j

2h2
xh

2
y

(ui+1,j+1 − 2ui,j+1 + ui−1,j+1 − (ui+1,j − 2ui,j + ui−1,j))

− gi,j+1 + gi,j

2h4
y

(ui,j+2 − 2ui,j+1 + ui,j − (ui,j+1 − 2ui,j + ui,j−1))

+
gi,j + gi,j−1

2h2
xh

2
y

(ui+1,j − 2ui,j + ui−1,j − (ui+1,j−1 − 2ui,j−1 + ui−1,j−1))

+
gi,j + gi,j−1

2h4
y

(ui,j+1 − 2ui,j + ui,j−1 − (ui,j − 2ui,j−1 + ui,j−2)) .

The only difference here are the averaged diffusivities. This has no effect on the
stability conditions that we just derived, as the averaged diffusivities are still
bounded by [0; 1].
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3.2.2 Properties

Remember that implementing the easiest discrete scheme, the explicit scheme (Sec-
tion 2.4.3), puts a limit on the time step size that one can use. This is due to the
fact that stability criterions usually impose limits on the values of the entries of
the system matrix, e.g. off-diagonals must not be negative [Wei98].

We can now use the stencil in Figure 3.1 (page 37) to compute an approximation
of the eigenproperties of the system matrix. Remember, the stencil (left to right,
top to bottom) represents the coefficients of one row of the system matrix, the
empty cells explaining why those matrices usually are sparse: a stencil represents
a very local transformation.

Symmetry

The system matrix for the LCIS evolution is not symmetric, although the row sums
vanish. Let us show the non-symmetry which is quickly proven with a counter-
example. Imagine the following to be cut from the midst of a system matrix, where
a(i,j)→(k,l) indicates, as before, the contribution of pixel (i, j) to pixel (k, l). From

. . .
...

a(9,10)→(9,10)
... −1

2h4
x

(
g(9,10) + g(10,10)

)
· · · · · · a(10,10)→(10,10) · · · · · ·

−1
2h4

x

(
g(10,10) + g(11,10)

) ... a(11,10)→(11,10)

...
. . .


,

(3.10)
where we have inserted only the necessary entries (i.e. the right- and leftmost
entries from the stencil after an appropriate index shift), we see that the matrix is
not symmetric (the entries with gray background are not the same).

L2 Stability

The LCIS evolution equation is not subject to maximum-minimum stability since
off-diagonals are negative. We now try to find out what would be the restrictions
(e.g. on the time step size) for it to adhere to L2 stability.

Note that, in theory, for a non-symmetric matrix, eigenvalues can be complex
numbers. In this case however, the influence of the imaginary part seems to be very
small as the values aij and aji are mostly very close to each other (see e.g. (3.10));
there certainly is no change in sign, as it would be for a skew-symmetric matrix
(aij = −aji for all i and j), which would make the eigenvalues truly complex (large
imaginary part).

Considering the stencil in Figure 3.1, if we assume unit pixel grid size, i.e.
hx = hy = 1, then by Gershgorin’s circle theorem (3.5) we have |λ + 20| ≤ 44,
which implies λ ∈ [−64; 24], since our usual diffusivity functions g are bounded by
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the interval [0; 1]. We can restrict ourselves to real values for previously mentioned
reasons.

In [Did08], Didas has shown the condition for stability in the L2-norm, which
we repeat in a syntactically slightly altered way as

τ ≤ 2

sups∈R g(s) · λmax

, (3.11)

where λmax denotes the spectral norm of the (system) matrix A

‖A‖ =
{√

|λ| : λ eigenvalue of A>A
}

, (3.12)

which is the largest singular value of the matrix and which more intuitively can
also be read as “compute the eigenvalue range of A e.g. by means of the Gershgorin
circle theorem, and then take the largest value by magnitude from that interval
omitting the sign”, e.g. if λA ∈ {−4, . . . , 2}, then ‖A‖ = 4. This is because taking
A>A from A merely creates a symmetric matrix with squared eigenvalues, and we
all know that

√
x2 = |x|, which is exactly the definition of singular value.

For the isotropic LCIS process, this gives a maximum time step for the explicit
scheme of τ = 2

1·64 = 1
32

= 0.03125. More formally, this can sometimes be seen by
writing down the evolution equation (3.9)

∂tu = −∂xguxxx − ∂xguxyy − ∂yguyxx − ∂yguyyy

in (discretized) matrix notation

uk+1 − uk

τ
= −DxΦDxxx︸ ︷︷ ︸

A1

uk −DxΦDxyy︸ ︷︷ ︸
A2

uk −DyΦDyxx︸ ︷︷ ︸
A3

uk −DyΦDyyy︸ ︷︷ ︸
A4

uk , (3.13)

where Φ is the diagonal matrix containing diffusivities g, and D stands for deriva-
tive, and one could for example use the approximations (written in stencil notation)

Dxxx = Dx ·Dxx ≈
1

h3
x

0 0 0 0
−1 3 3 1
0 0 0 0

, Dyyy = Dy ·Dyy ≈
1

h3
y

0 −1 0 0
0 3 0 0
0 −3 0 0
0 1 0 0

,

Dxyy = Dx·Dyy ≈
1

hxh2
y

1 −1 0
−2 2 0
1 −1 0

, Dyxx = Dy·Dxx ≈
1

h2
xhy

1 −2 1
−1 2 −1
0 0 0

,

in which e.g. Dx · Dxx denotes stencil application as explained in Section 2.4.4,
and standard discretizations for the second derivatives are used.

We know that, if, for two Hermitian matrices (in our case: real and symmetric)
M1 and M2, the eigenvalues lie in the interval [0; m1] and [0; m2], respectively, then
the matrix M1 ·M2 has all its eigenvalues in [0; m1m2].
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Here, however, the matrices D∗ and D∗∗∗ are not symmetric (the asterisk de-
notes a wildcard). We could still apply Gershgorin’s theorem but not the fact
from the previous paragraph. In general however, ‖M1M2‖ ≤ ‖M1‖‖M2‖. We can
compute ‖D∗‖‖D∗∗∗‖ = 16, while ‖D∗D∗∗∗‖ is thus less or equal, and we there-
fore have a minimal largest time step size (since it is inversely proportional). If
we decide to look at the resulting matrices A1 through A4, we have ‖Ai‖ = 16
for all i ∈ {1, . . . , 4} (as ‖Φ‖ = 1 and g = hx = hy = 1), so in this case even
‖D∗D∗∗∗‖ = ‖D∗‖‖D∗∗∗‖ holds.

This verifies that the necessary and sufficient condition for stability, as postu-
lated above, is

τ ≤ 2

1 · (4 · 16)
=

1

32
= 0.03125 .

Indeed, experiments show that this is correct, see Figure 3.2, where we have
only modified the parameter τ . The artifacts that appear in the lower left figure are
a paradigm for too large time steps or other major errors in the implementation.
The center column contains several values of the image throughout the evolution:
minimum, maximum, mean and variance in red, green, blue, and pink respectively.
The variance is plotted against a second y-axis, which has a logarithmic scale,
otherwise the other values would no longer be visible. One can see that already
after few iterations, the process visibly destabilizes.

Further theory about this class of evolution equations can be found in [GB04].

Preservation of Mean

Usually, one uses the combination of system matrix symmetry and unit row sums
to show preservation of average gray value. In fact however, those two require-
ments are only there to guarantee unit column sums, which in turn guarantees the
preservation of the mean all on its own. So, we do not need even symmetry, which
is not given anyway, as we have seen above.

If we have
∑N

i=1 ak
ij = 1, for all j, i.e. unit column sums (the contributions of

one pixel to all other pixels sum up to one), then

N∑
i=1

uk+1
i =

N∑
i=1

N∑
j=1

ak
iju

k
j

=
N∑

j=1

N∑
i=1

ak
iju

k
j

=
N∑

j=1

(
N∑

i=1

ak
ij

)
︸ ︷︷ ︸

1

uk
j =

N∑
j=1

uk
j , ∀j

(3.14)

proves the preservation of the average gray value. Unit column sums can in fact
not be easily seen e.g. in the stencil, as the stencil represents one row and not one
column of the system matrix.
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(a) Result at t = 31 with
τ = 0.031

(b) Evolution (c) Difference image after
1000 iterations

(d) Result at t = 3.3 with
τ = 0.033

(e) Evolution (f) Difference image after 100
iterations

Figure 3.2: LCIS process at the verge of instability. I top: stable I bottom: unstable

Even if one somehow could look at the system matrix as a whole, one would
still have to be careful as e.g. writing gi,j in one row (i.e. copying the elements of
the stencil into each row of the matrix) does not equal the term gi,j from another
row, as the tuples (i, j) are dependent on the center pixel to be considered in that
matrix row p, i.e. gp mod N,b p

N
c, for the reasons explained in Section 2.4.2.

Let us use the pixel at location (10, 10) of an N × N image with N = 256 as
an example. In Figure 3.3 (page 43), we show the corresponding system matrix,
especially column 10 · 256 + 10 = 2570, where the center pixel (gray) is located
in row 2570, consequently. Adding the different elements of diffusivity (g∗,∗) from
that column together, one can see that they cancel out.

3.2.3 Anisotropic LCIS

Our extension toward anisotropic LCIS is straightforward:

∂tu = − div (D · ∇(∆u)) , (3.15)

where D denotes the standard diffusion tensor.
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2058

2313
2314
2315

2568
2569
2570
2571
2572

2825
2826
2827

3082



...
0
...

−1g10,8 − 1g10,9

...
0
...

−2g9,9 − 1g10,9 − 1g9,10

8g10,9 + g11,9 + g9,9 + 5g10,10 + g10,8

−2g11,9 − 1g10,9 − 1g11,10

...
0
...

−1g8,10 − 1g9,10

8g9,10 + 5g10,10 + g8,10 + g9,11 + g9,9

−20g10,10 − 5g11,10 − 5g9,10 − 5g10,11 − 5g10,9

8g11,10 + g12,10 + 5g10,10 + g11,11 + g11,9

−1g12,10 − 1g11,10

...
0
...

−2g9,11 − 1g10,11 − 1g9,10

8g10,11 + g11,11 + g9,11 + g10,12 + 5g10,10

−2g11,11 − 1g10,11 − 1g11,10

...
0
...

−1g10,12 − 1g10,11

...
0
...



(10, 8)

(9, 9)
(10, 9)
(11, 9)

(8, 10)
(9, 10)
(10, 10)
(11, 10)
(12, 10)

(9, 11)
(10, 11)
(11, 11)

(10, 12)

Figure 3.3: Column 2570 of LCIS system matrix for 256 × 256 image. I left: row number
I right: corresponding destination pixel of contributions from source pixel at location (10,10)
(matrix element (2570,2570))
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3.3 The Frobenius Model

Nonlinear isotropic diffusion of order four was investigated e.g. in [Did08]:

∂tu =− ∂xx

(
g(‖H(u)‖2

Fr)uxx

)
− ∂yx

(
g(‖H(u)‖2

Fr)uxy

)
− ∂xy

(
g(‖H(u)‖2

Fr)uyx

)
− ∂yy

(
g(‖H(u)‖2

Fr)uyy

)
.

(3.16)

Note the inner and outer differentiations of the mixed terms being switched, this is
done because ∂xy and ∂yx are adjoint operators and in matrix notation the adjoint
of the matrix Axy

A∗
xy = A>

xy (3.17)

is just its transpose (because it is real-valued). In matrix notation one therefore
can elegantly write e.g. D>

∗∗ΦD∗∗ for the contributions to the system matrix.

In 1-D, (3.16) can again be generalized to nonlinear isotropic diffusion of order
2n [Did08]:

∂tu = (−1)n+1∂n
x

(
g((∂n

xu)2)∂n
xu
)

. (3.18)

3.3.1 Higher Order Generalization

The extension from the general lower order equation

∂tu = div(D · ∇u)

seems pretty straightforward: we replace gradients and their norm by the Hessian
matrix and its associated norm, the Frobenius norm, respectively. Of course, we
also have to adapt the outer differentiation operator. Inspired by the lower order
methods like EED we use a higher order analogon to the divergence: entry-wise
second order derivatives.

The general equation for the Frobenius1 model then is

∂tu = −
(

∂xx ∂xy

∂yx ∂yy

)
: (D • H(u)) , (3.19)

where : denotes the Frobenius inner product [HJ90]

A : B =

(
a11 a12

a21 a22

)
:

(
b11 b12

b21 b22

)
= a11b11 + a12b12 + a21b21 + a22b22

= tr(A>B) ,

(3.20)

i.e. the component-wise (inner) product of two matrices, which, as we see, can
also be written using the trace.

1Ferdinand Georg Frobenius (October 26, 1849 — August 3, 1917) was a German mathe-
matician, best-known for his contributions to the theory of differential equations and to group
theory.
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We have found that we also need to replace the standard matrix multiplication
found inside the divergence term in EED. It could theoretically still be used, as
it does not only allow matrices and vectors to be multiplied, as it is the case for
EED, but also two matrices. We however found that this does no longer work
as expected. Therefore, we also have to generalize it. We choose to employ the
preconditioning product (as in [BDFW07]), using which the general equation then
finally becomes

∂tu = −
(

∂xx ∂xy

∂yx ∂yy

)
: (D •P H(u)) , (3.21)

where A •P B = A
1
2 BA

1
2 =

√
AB

√
A and applying the square root to a ma-

trix in our case means applying the square root to the eigenvalues during PAT
(construction of the diffusion tensor)

√
D :=

(
v1x v2x

v1y v2y

)(√
λ1 0
0

√
λ2

)(
v1x v1y

v2x v2y

)
, usually with λ2 = 1.

This model is motivated by the fact that computing the second directional
derivative of u in direction of ζ evaluates the quadratic form

uζζ = ζ>H(u)ζ , (3.22)

and using the preconditioning product, one exactly modifies the vector ζ, as

ζ>
√

D
>
H(u)

√
Dζ = (

√
Dζ)>H(u)

√
Dζ . (3.23)

This generalization is of no detriment to the isotropic case (scalar-valued dif-
fusivity), as the preconditioning product then degenerates to standard scalar mul-
tiplication for which

√
gB
√

g = g · B holds. In that case, we have exactly the
isotropic case (3.16).

3.3.2 Flux Analysis

The argument to diffusivity is quite important for the analysis of the flux, i.e.
whether the method performs forward or backward diffusion (and in which cases).
For the sake of simplicity we perform this analysis in 1-D and for the isotropic
case, in which the Frobenius model is

∂tu = −∂xx (g(s) · uxx) (3.24)

with
∇u → ux and H(u) → uxx .

We differentiate using product and chain rules (remember, u is a function too)
for two different arguments to diffusivity. Part of this has also been treated in
[Did08, Met08].
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s = u2
x:

∂tu = −∂xx

(
g(u2

x)uxx

)
= −∂x

(
g′(u2

x)2uxu
2
xx + g(u2

x)uxxx

)
= −(g′′(u2

x)2uxuxx · 2uxu
2
xx + g′(u2

x) · 2(uxxu
2
xx + ux2uxxuxxx)

+ g′(u2
x)2uxuxx · uxxx + g(u2

x) · uxxxx)

= −(g′′(u2
x)4u

2
xu

3
xx + g′(u2

x)(2u
3
xx + 4uxuxxuxxx)

+ g′(u2
x)2uxuxxuxxx + g(u2

x)uxxxx)

= −uxx

(
g′′(u2

x)4u
2
xu

2
xx + g′(u2

x)(2u
2
xx + 6uxuxxx)

)
− uxxxxg(u2

x)

(3.25a)

s = u2
xx:

∂tu = −∂xx

(
g(u2

xx)uxx

)
= −∂x

(
g′(u2

xx)2u
2
xxuxxx + g(u2

xx)uxxx

)
= −(g′′(u2

xx)4u
3
xxu

2
xxx + g′(u2

xx) · 2(2uxxu
2
xxx + u2

xxuxxxx)

+ g′(u2
xx)2uxxu

2
xxx + g(u2

xx) · uxxxx)

= −(g′′(u2
xx)4u

3
xxu

2
xxx + g′(u2

xx)(6uxxu
2
xxx + 2u2

xxuxxxx) + g(u2
xx)uxxxx)

= −uxx

(
g′′(u2

xx)4u
2
xxu

2
xxx + g′(u2

xx)6u
2
xxx

)
− uxxxx

(
g′(u2

xx)2u
2
xx + g(u2

xx)
)

(3.25b)

In the first equation (3.25a) we see that fourth order diffusion is forward only,
as it merely depends on the diffusivity, which is always positive. Furthermore, we
are in presence of odd order derivatives for the second order term, so we cannot
distinguish cases for forward or backward second order diffusion.

In the second equation (3.25b) we have both second order and fourth order
diffusion solely depending on the diffusivity function and its derivatives. All other
terms appear squared and therefore are positive, so we can determine the sign of
the leading terms by analyzing the derivatives of the diffusivity function.

One can conclude that using the (higher order) Frobenius norm of the Hessian
harmonizes better with the overall higher order nature of the model than the
gradient magnitude.

Furthermore, in the anisotropic setting we will need a method to find the
principal directions of a higher order structure. The first idea that comes to mind
is that the structure tensor for low order methods was a unique construct that
we don’t even need anymore: we could use the Hessian matrix and apply PAT to
it directly. We however choose to stay with the traditional structure tensor, as
we want to recognize structure starting at order one — the Hessian matrix could
not do that, see Section 2.6.2. Sometimes, higher order is not synonymous to
“better”. However, we choose the Frobenius norm of the Hessian as the argument
to diffusivity, as we would only like to stop diffusion starting at order two, i.e.
linear variations in the image will be kept.



3.3. THE FROBENIUS MODEL 47

3.3.3 Discretization

(3.21) more verbosely written out yields

∂tu = −
(

∂xx ∂xy

∂yx ∂yy

)
:

((
a b
b c

)(
uxx uxy

uyx uyy

)(
a b
b c

))
= −∂xx

(
a2uxx + ab(uxy + uyx) + b2uyy

)
− ∂xy

(
abuxx + acuxy + b2uyx + bcuyy

)
− ∂yx

(
abuxx + b2uxy + acuyx + bcuyy

)
− ∂yy

(
b2uxx + bc(uxy + uyx) + c2uyy

)
.

(3.26)

Using the standard discretizations

uxx ≈
1

h2
x

0 0 0
1 −2 1
0 0 0

· u , uyy ≈
1

h2
y

0 1 0
0 −2 0
0 1 0

· u ,

as well as the special discretizations [LLT03]

uxy ≈
1

2hxhy

1 −1 0
−1 2 −1
0 −1 1

· u , uyx ≈
1

2hyhx

0 1 −1
1 −2 1
−1 1 0

· u ,

that can be derived using Taylor’s theorem (see Section 2.4.1), (3.26) becomes

dui,j

dt
≈ − 1

h2
x

((
a2

i+1,j(uxx)i+1,j + (ab)i+1,j ((uxy)i+1,j + (uyx)i+1,j) + b2
i+1,j(uyy)i+1,j

)
− 2

(
a2

i,j(uxx)i,j + (ab)i,j ((uxy)i,j + (uyx)i,j) + b2
i,j(uyy)i,j

)
+
(
a2

i−1,j(uxx)i−1,j + (ab)i−1,j ((uxy)i−1,j + (uyx)i−1,j) + b2
i−1,j(uyy)i−1,j

))
− 1

2hxhy

((
(ab)i−1,j−1(uxx)i−1,j−1 + (ac)i−1,j−1(uxy)i−1,j−1

+ b2
i−1,j−1(uyx)i−1,j−1 + (bc)i−1,j−1(uyy)i−1,j−1

)
−
(
(ab)i,j−1(uxx)i,j−1 + (ac)i,j−1(uxy)i,j−1 + b2

i,j−1(uyx)i,j−1 + (bc)i,j−1(uyy)i,j−1

)
−
(
(ab)i−1,j(uxx)i−1,j + (ac)i−1,j(uxy)i−1,j + b2

i−1,j(uyx)i−1,j + (bc)i−1,j(uyy)i−1,j

)
+ 2

(
(ab)i,j(uxx)i,j + (ac)i,j(uxy)i,j + b2

i,j(uyx)i,j + (bc)i,j(uyy)i,j

)
−
(
(ab)i+1,j(uxx)i+1,j + (ac)i+1,j(uxy)i+1,j + b2

i+1,j(uyx)i+1,j + (bc)i+1,j(uyy)i+1,j

)
−
(
(ab)i,j+1(uxx)i,j+1 + (ac)i,j+1(uxy)i,j+1 + b2

i,j+1(uyx)i,j+1 + (bc)i,j+1(uyy)i,j+1

)
+
(
(ab)i+1,j+1(uxx)i+1,j+1 + (ac)i+1,j+1(uxy)i+1,j+1

+ b2
i+1,j+1(uyx)i+1,j+1 + (bc)i+1,j+1(uyy)i+1,j+1

))
− 1

2hyhx

((
(ab)i,j−1(uxx)i,j−1 + b2

i,j−1(uxy)i,j−1
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+ (ac)i,j−1(uyx)i,j−1 + (bc)i,j−1(uyy)i,j−1

)
−
(
(ab)i+1,j−1(uxx)i+1,j−1 + b2

i+1,j−1(uxy)i+1,j−1

+ (ac)i+1,j−1(uyx)i+1,j−1 + (bc)i+1,j−1(uyy)i+1,j−1

)
+
(
(ab)i−1,j(uxx)i−1,j + b2

i−1,j(uxy)i−1,j + (ac)i−1,j(uyx)i−1,j + (bc)i−1,j(uyy)i−1,j

)
− 2

(
(ab)i,j(uxx)i,j + b2

i,j(uxy)i,j + (ac)i,j(uyx)i,j + (bc)i,j(uyy)i,j

)
+
(
(ab)i+1,j(uxx)i+1,j + b2

i+1,j(uxy)i+1,j + (ac)i+1,j(uyx)i+1,j + (bc)i+1,j(uyy)i+1,j

)
−
(
(ab)i−1,j+1(uxx)i−1,j+1 + b2

i−1,j+1(uxy)i−1,j+1

+ (ac)i−1,j+1(uyx)i−1,j+1 + (bc)i−1,j+1(uyy)i−1,j+1

)
+
(
(ab)i,j+1(uxx)i,j+1 + b2

i,j+1(uxy)i,j+1 + (ac)i,j+1(uyx)i,j+1 + (bc)i,j+1(uyy)i,j+1

))
− 1

h2
y

((
b2
i,j+1(uxx)i,j+1 + bi,j+1ci,j+1 ((uxy)i,j+1 + (uyx)i,j+1) + c2

i,j+1(uyy)i,j+1

)
− 2

(
b2
i,j(uxx)i,j + bi,jci,j ((uxy)i,j + (uyx)i,j) + c2

i,j(uyy)i,j

)
+
(
b2
i,j−1(uxx)i,j−1 + bi,j−1ci,j−1 ((uxy)i,j−1 + (uyx)i,j−1) + c2

i,j−1(uyy)i,j−1

))
,

which, after tedious rearrangement (see Appendix A), yields the stencil in Figure
3.4. A simplified stencil (hx = hy = 1) can also be found in Figure A.1 (page
A–11).

Unfortunately, as with low order EED, we cannot be certain of the sign of
some of the elements of the system matrix (cells of the stencil). If we look at the
traditional structure tensor

D =

(
a b
b c

)
=

(
gv2

1x
+ v2

2x
gv1xv1y + v2xv2y

gv1xv1y + v2xv2y gv2
1y

+ v2
2y

)
, (3.27)

we have several facts at our disposal:

1. The diffusivity function g() is bounded by the interval [0; 1].

2. Eigenvectors v1 and v2 are normalized, i.e. v2
1x

+ v2
1y

= v2
2x

+ v2
2y

= 1.

3. Eigenvectors are perpendicular to each other: v1 ⊥ v2, i.e. v2 = (±v1y ,∓v1x)
>.

This results in a and c being bounded by the interval [0; 1].

amax = gmax · v2
1x

+ v2
2x

= 1 · v2
1x

+ (±v1y)
2

= 1 · (v2
1x

+ v2
1y

)

= 1

cmax = gmax · v2
1y

+ v2
2y

= 1 · v2
1y

+ (±v1x)
2

= 1 · (v2
1y

+ v2
1x

)

= 1

(3.28)

Obviously, all terms are positive, therefore the lower bound.
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For b, we have

bmax = g · v1xv1y + v2xv2y

= g · v1xv1y − v1yv1x

= (g − 1)︸ ︷︷ ︸
∈[−1;0]

· v1xv1y︸ ︷︷ ︸
∈[−0.5;0.5]

,
(3.29)

where the bounds for v1xv1y can be seen when expressing the vector v1 in polar
coordinates

v1x = cos(ϕ) , v1y = sin(ϕ)

and examining the function f(ϕ) = cos(ϕ) sin(ϕ), which has its minimum and
maximum at -0.5 and 0.5, respectively. Therefore b is bounded by the interval
[−0.5; 0.5], which unfortunately includes negative values.

Because the sign of the mixed terms including b is not known a priori, one
cannot guarantee non-negativity of the off-diagonal elements of the system matrix.
For lower-order methods, there are ways to obtain a non-negative discretization,
limiting the anisotropy at the same time [Wei98]. Since our method however does
not succumb to a maximum-minimum principle, but only the weaker L2-stability,
such a discretization cannot be obtained.

3.3.4 Interpretation as an Energy Functional

So far, we have worked with the divergence expression only. However we believe
that this higher order evolution equation can be nicely recast as an energy func-
tional.

In fact, the primary motivation of choosing a “symmetric” divergence expres-
sion was toward the goal of maybe finding an energy minimization formulation,
which at least needs inner and outer derivatives of same order. As we have men-
tioned before, it is impossible to write the LCIS evolution equation (Section 3.2)
as variational formulation exactly because of that reason.

Since we started with the divergence expression and there is no clear way to
reverse engineer a functional, we found a corresponding functional by intuition
and trial and error. At this point, we remind the reader about the Euler-Lagrange
equation (2.42) introduced in Section 2.5. In our case, Eux and Euy both vanish
and Eu contains e.g. the differentiated standard data term (squared difference)

Eu = 2(u− f)(1− 0) = 2(u− f) , (3.30)

which yields the time discretization together with the regularization parameter,
which becomes a purely numerical parameter [RSW99].

Now, if we look closely at the remaining second order differentiations, it is not
hard to see that we could write

∂

∂xx
Euxx +

∂

∂xy
Euxy +

∂

∂yx
Euyx +

∂

∂yy
Euyy =

(
∂xx ∂xy

∂yx ∂yy

)
:

(
Euxx Euxy

Euyx Euyy

)
, (3.31)
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which already carries some resemblance to(
∂xx ∂xy

∂yx ∂yy

)
:
(√

D
>
· H(u) ·

√
D
)

=

(
∂xx ∂xy

∂yx ∂yy

)
:

(
a2uxx + ab(uxy + uyx) + b2uyy abuxx + b2uyx + acuxy + bcuyy

abuxx + b2uyx + acuxy + bcuyy b2uxx + bc(uyx + uxy) + c2uyy

)
.

(3.32)

With
√

D =

(
a b
b c

)
, we could set

Euxx = a2uxx + ab(uxy + uyx) + b2uyy , (3.33a)

Euxy = abuxx + b2uyx + acuxy + bcuyy , (3.33b)

Euyx = abuxx + b2uyx + acuxy + bcuyy , and (3.33c)

Euyy = b2uxx + bc(uyx + uxy) + c2uyy . (3.33d)

Performing the differentiations as given in (3.31) would yield the following (rear-
ranged) terms:

uxxxx · (a2)+ (3.34a)

uxxxy · (4ab)+ (3.34b)

uxxyy · (4b2 + 2ac)+ (3.34c)

uxyyy · (4bc)+ (3.34d)

uyyyy · (c2) (3.34e)

Now, it only takes a sharp look to see that this is exactly the sum of all second
order derivatives of

(auxx + buxy + buyx + cuyy)
2 =

(√
D : H(u)

)2

(3.35)

with regard to u. We have omitted a factor of 2 in (3.34), which is usually simplified
out in the Euler-Lagrange equation 0 =6 2(u− f)+ 6 2 · . . ., since the left-hand side
is zero.

Therefore, finally, the corresponding energy functional can be written as:

E(u) =

∫
Ω

(u− f)2 + α
(√

D : H(u)
)2

dx dy

=

∫
Ω

(u− f)2 + α
(
tr
(√

D · H(u)
))2

dx dy

. (3.36)

There is however an important detail: the energy functional as presented only
models a linear anisotropic filter. In the nonlinear case, the entries of the tensor D
change at each iteration and would thus be variable and needed to be differentiated
too. Hence we can interpret this functional as an expression that needs to be
minimized at each iteration so that the diffusion tensor arguments can be treated
as constants.
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3.3.5 Higher Order Boundary Conditions

As we have mentioned before, the exact boundary conditions (BC) for a certain
method arise out of the discretization of the energy functional. Certain stencil
items then comprise an additional indicator function that “switches” certain terms
inside that item on or off in certain intervals, as we have e.g. done for methods in
[Rot08]. The parabolic approach does not automatically include these conditions.

Intuition tells us that something must change in a higher order setting. In
full analogy and as a continuation to Section 2.4.5, we propose to extend bound-
ary conditions to higher order by not making the first derivatives, but the second
derivatives zero across boundaries (second order boundary), which we call Frobe-
nius boundary conditions

∂2

∂n2
ui = 0 for i ∈ Γ . (3.37)

If second derivatives are discretized the standard way using u′′ ≈ ui+1−2ui−ui−1

h2

in either dimension, this comes down to setting pixels beyond e.g. the right border
to

u(i, j) = 2u(i− 1, j)− u(i− 2, j)

and the left border to

u(i, j) = 2u(i + 1, j)− u(i + 2, j) .

The image domain still is Ω = {1, . . . , N}, but in contrast (and in accordance)
to Section 2.4.5, the boundary must be enlarged to contain at least two (dummy)
border pixels in each direction.

To illustrate the effects of boundary conditions, let us consider the test image
in Figure 3.5(a) where the left part comprises a linear gradient, and the right part
a square one. We extract one row of the image (all rows are the same) and display
it as a 2-D plot in Figure 3.5(b).

Figure 3.5(c) then shows first order boundary conditions up to stopping time
t = 6250 (in blue) using the nonlinear anisotropic Frobenius model and Perona/-
Malik diffusivity with λ = 1. One can see that the further the evolution progresses
(different colors in the plot), the more effect the boundary conditions have on the
remaining image, we talk about propagation. Finally, Figure 3.5(d) shows the evo-
lution of the test image using second order boundary conditions using the same
parameters.

Why the right part of the image (the square gradient) is not evolved into a
linear gradient is another question. This is probably due to the lack of backward
diffusion in this case, since the linear gradient in the left part is not destroyed
either, as would be the case for lower order methods using e.g. Perona/Malik:
staircasing would occur.



3.3. THE FROBENIUS MODEL 53

(a) Test image (Source:[Met08]) (b) Horizontal cut through test image

(c) Evolution using Neumann BC (d) Evolution using Frobenius BC

Figure 3.5: Impact of Neumann and Frobenius boundary conditions on signal during evolution.
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Chapter 4

Experiments

Thus far, we have seen a lot of theory, and Section 2.6 already showed a lot of
model parameters. For a complete overview of all the methods we have mentioned
so far, we refer to Table 4.2 (page 57). D always stands for the traditional structure
tensor and the argument given to D stands for the argument that is given to the
diffusivity function while constructing the diffusion tensor (see Section 2.2.2). Let
us also recall the model parameters:

. σ: Standard deviation of Gaussian kernel used for convolution,

. g(s): g: Diffusivity function, reduces diffusion in feature-rich regions; s:
Argument to diffusivity function, feature indicator,

. λ: contrast parameter inside diffusivity function g; border between backward
and forward diffusion1; intuitively, low lambda (λ � 1) makes g very small
on a prominent feature (large s), high lambda (λ � 1) prevents g from
getting too small when there is no feature (small s),

. D: Diffusion tensor; finds structure directions.

The stopping time t = n · τ denotes the virtual time elapsed during the evolu-
tion, where n is the number of iterations and τ the time step size.

Table 4.2 already shows that there are many models to be tried — and there
are many parameters listed just above. Note that we are not going to explore all
those methods, we simply mention all of them to show that they exist and could
be used in theory. We are going to explore those which we find most interesting,
and of course those which have not been investigated – or even existed – before,
to the best of our knowledge, like the anisotropic Frobenius model.

55
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Difference in AAE units Color Code

< 1 white
1–10 blue
10–50 green
50–150 yellow
> 150 red

Table 4.1: Color coding of difference images.

(a) R&E — synthetic image (b) Office — real world
scene (noisy)

Figure 4.1: Synthetic and real world test images.

4.1 Error Measure and Difference Images

The average absolute error (AAE) in gray value units between the original image
uO and the result uR after running an experiment is defined as

eAA(uR, uO) =
1

|Ω2|
∑

(x,y)∈Ω2

∣∣uR(x, y)− uO(x, y)
∣∣ , (4.1)

where Ω2 denotes the two-dimensional image domain and |Ω2| consequently the
number of pixels in the image.

Furthermore, we show difference images, in which white means “no change”,
whereas color shows the amount of change as indicated in Table 4.1. This has the
advantage that we do not need to rescale a grayscale difference image for cases
where the difference is small, which would make the comparison of the amount of
change for different datasets less obvious.

1if the diffusivity function supports it
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Designation Evolution Equation OO IO

L
o
w

e
r

O
rd

e
r

HOM ∂tu = div(∇u) = ∆u

1 1

ISO-L ∂tu = div(g∇(f)∇u)

ISO-NL ∂tu = div(g∇(u)∇u)

EED-L ∂tu = div(D∇(f)∇u)

EED-NL ∂tu = div(D∇(u)∇u)

W
e
i

Wei-ISO-L ∂tu = − div(g∇(f)∇∆u)

1 3

Wei-ISO-NL ∂tu = − div(g∇(u)∇∆u)

Wei-ANISO-L ∂tu = − div(D∇(f)∇∆u)

Wei-ANISO-NL ∂tu = − div(D∇(u)∇∆u)

T
u
m

b
li
n
/
T
u
rk T/T-ISO-L ∂tu = − div(gH(f)∇∆u)

T/T-ISO-NL ∂tu = − div(gH(u)∇∆u)

T/T-ANISO-L ∂tu = − div(DH(f)∇∆u)

T/T-ANISO-NL ∂tu = − div(DH(u)∇∆u)

F
ro

b
e
n
iu

s
M

o
d
e
l

FM1-ISO-L ∂tu = −H : (g∇(f)H(u))

2 2

FM1-ISO-NL ∂tu = −H : (g∇(u)H(u))

FM1-ANISO-L ∂tu = −H :
(√

D∇(f)H(u)
√

D∇(f)
)

FM1-ANISO-NL ∂tu = −H :
(√

D∇(u)H(u)
√

D∇(u)
)

FM2-ISO-L ∂tu = −H : (gH(f)H(u))

FM2-ISO-NL ∂tu = −H : (gH(u)H(u))

FM2-ANISO-L ∂tu = −H :
(√

DH(f)H(u)
√

DH(f)
)

FM2-ANISO-NL ∂tu = −H :
(√

DH(u)H(u)
√

DH(u)
)

Table 4.2: Overview of evolution equations. Abbreviations: I ISO/ANISO: isotrop-
ic/anisotropic I L/NL: linear/nonlinear I OO: outer order I IO: inner order
I ϕ∇(·) := ϕ(|∇ · |2), ϕH(·) := ϕ(‖H(·)‖2Fr)
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4.2 Experimental Setup

We perform our evaluation using two datasets. We call the first R&E, as abbrevia-
tion for “Rectangle and Ellipse”, as seen in Figure 4.1(a). We put all higher order
nonlinear methods for R&E side by side in Figures 4.3, 4.4, 4.6 and 4.7, for two pa-
rameter sets. Note that we use extreme stopping times, in order to illustrate the
true behavior of those methods. We give the experiments in the linear setting in
Figures 4.10 and 4.11 for the sake of completeness and also only for this non-noisy
test image, as linear methods by design tend to keep the noise for a long time. We
compare to results using lower order processes in Figure 4.9.

The second dataset is the (noisy) Office image seen in Figure 4.1(b). It is
degraded with additive white Gaussian noise (AWGN) with a standard deviation
of σ = 10. We omit linear evolution methods for Office, for previously stated
reasons. Also, for noisy scenes, it is wise not to utilize a diffusivity that provides
much backward diffusion, like Weickert diffusivity. Instead, we choose to employ
Perona/Malik diffusivity for these tests. We show the results in Figures 4.13, 4.14,
and compare to low order methods in Figure 4.16.

For all experiments, we also show the evolution plots which contain several
values of the image throughout the evolution: minimum, maximum, mean and
variance have been measured in regular intervals and are displayed in red, green,
blue, and pink lines respectively. The variance is plotted against a second y-axis
with a logarithmic scale. The plots can be found in Figures 4.5, 4.8, 4.12 for R&E,
and 4.15 for Office, respectively, for the above mentioned experiments.

We show if L2-stability was adhered to as long as the evolution ran, and if not,
at what iteration it was violated. Note that in some cases we indicate that it was
not violated but nevertheless mention an iteration number; this is to say that the
software reported increasing variance but we still believe the process to be stable
(see the evolution plots) and that some quantization error or precision problem
was encountered.

Suffice to say, some quantization errors are already present in the original im-
age: if we look at e.g. Figure 4.3(c), we see the (scaled) Frobenius norm of the
Hessian of the R&E image, which is close to zero, but not zero, as it should be
in theory, except at the discontinuities. For that reason, these illustrations are
sometimes more correctly called “approximations”, as are in fact all discretiza-
tions (of the image, the derivatives, etc.). Another artifact of discretization and
quantization can e.g. be seen at the right extremity of the ellipse: there seems to
be a completely vertical line of about ten pixels; in reality, this would only be a
spot of low but not zero curvature.
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Figure 4.2: Result of applying FM2-ANISO-NL to R&E (λ = 1, σ = 3, t = 10000).

4.3 Evaluation

Test images featuring linear gradients and clear edges are a perfect testing ground
for higher order methods. When we look at edge preservation in such a “higher
order” scene like R&E, we conclude that for isotropic higher order processes the
same overall behavior than for lower order ones applies: homogeneous areas are
blurred, and when we increase the contrast parameter (if the diffusivity function
supports it), important structures start to get blurred too. It is important to
understand that for lower and higher order methods “homogeneous area” means
different things. For a truly higher order method, the area is still homogeneous if
it contains a linear gradient, whereas for a lower order method it certainly is not.

Higher order methods do not produce segmentations but rather create color
gradients, if the appropriate higher order argument (namely the Frobenius norm
of the Hessian) is used for diffusivity steering (see Figure 4.7, FM1-ISO-NL vs.
FM2-ISO-NL). This applies to both isotropic Tumblin/Turk and Frobenius model.

As far as the anisotropic methods are concerned, we conclude that the Tum-
blin/Turk evolution equation, even though its anisotropic variant preserves discon-
tinuities, produces too apparent over- and undershoots and speckle artifacts. Also,
the linear gradients from the R&E test image have not been correctly preserved, as
it should be for a true higher order method. The linear variants of this evolution
equation even seem to be unstable, for unclear reasons. The questionable cases are
Wei-ANISO-L and TT-ANISO-L, i.e. all linear anisotropic filters derived from the
Tumblin/Turk evolution equation. The anisotropic Frobenius model works very
well as expected, although discontinuities that are not parallel to the coordinate
axes seem to suffer. The reason for this could be that the discretizations of the
mixed derivatives are still not good enough, even though we have already used
more complicated variants than usual.

Looking e.g. at Figure 4.2, we see that the points of interest are in the locations
where the gray values of the outer gradient (background) and inner gradients
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(square or ellipse, respectively) match. Also, at careful inspection of e.g. the
upper left boundary of the ellipse in Figure 4.2, we see a halo, which is foreseeable
for higher order methods: if light and dark areas collide, the darker area may
become darker at the boundary, and the light area lighter. This effect however
remains bounded for L2-stable methods. One could consider this as some form of
contrast enhancement.

In Figure 4.9 we see, beside the obvious effect of staircasing created by lower
order methods, that the low order variant essentially has to choose a certain direc-
tion (inward or outward) of a structure (segmentation-like behavior), the higher
order variant treats the edges where inner and outer gray value become similar, in
a way that one could call “bleeding edge”: a gradient appears in the image instead
of having to choose a direction for a segmentation.

Faced with the task noise removal (as in the experiments with the Office image
starting at Figure 4.13 on page 71), anisotropic models with the correct parameters
work very well, higher order methods make no exception and even keep image
features more intact than lower order methods (for the same parameters at the
same stopping time). Isotropic methods still keep noise at edges and anisotropic
methods have more trouble cleaning out homogeneous areas — these deficiencies
are however intrinsic to the respective methods.

We notice that the anisotropic filters produce a noise-free image much faster
(about 50 times) than the isotropic variant of the filter using the same parameters.
However, the quality of the result is inferior to the isotropic filters in this case,
probably because the noise disturbs structure detection too much. Additionally, we
see that the anisotropic variants of the Tumblin/Turk-based evolution equations
do not provide nice denoising: speckles (unesthetic over- and undershoots) appear.

Furthermore, we see in Figure 4.16 that the anisotropic methods remove noise
also close to edges very well, however they do not restore regions that were homo-
geneous in the original as well; here, the isotropic FM variants look better, and
their result is a much sharper image than that of the lower order isotropic filter
(ISO). Note that corners are less rounded at the same stopping time using the
higher order method.

Thus, we conclude that for a noisy real-world scene, the Frobenius model works
very well and, as for lower order methods, the isotropic variant keeps noise at edges,
and the anisotropic variant rounds corners.
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(a) Original image (b) Gradient norm
(scaled)

(c) Frobenius norm of
Hessian (scaled)
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Figure 4.3: Nonlinear fourth order methods applied to R&E, Parameter Set I (1/2) (λ =
0.01, σ = 1, t = 10000, τ = 0.025). I top: original image and norms all but first row:
I left image: resulting image I center image: absolute difference to original I right im-
age: detected directions weighted by diffusivity (where applicable) I rightmost column: ad-
herence to L2-stability (4=yes, 6=no)
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(a) Original image (b) Gradient norm
(scaled)

(c) Frobenius norm of
Hessian (scaled)
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Figure 4.4: Nonlinear fourth order methods applied to R&E, Parameter Set I (2/2) (λ =
0.01, σ = 1, t = 10000, τ = 0.025). I top: original image and norms all but first row:
I left image: resulting image I center image: absolute difference to original I right im-
age: detected directions weighted by diffusivity (where applicable) I rightmost column: ad-
herence to L2-stability (4=yes, 6=no)
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(a) Wei-ISO-NL (b) Wei-ANISO-NL

(c) T/T-ISO-NL (d) T/T-ANISO-NL

(e) FM1-ISO-NL (f) FM1-ANISO-NL

(g) FM2-ISO-NL (h) FM2-ANISO-NL

Figure 4.5: Evolution of nonlinear fourth order methods applied to R&E, Parameter Set I.
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(a) Original image (b) Gradient norm
(scaled)

(c) Frobenius norm of
Hessian (scaled)
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Figure 4.6: Nonlinear fourth order methods applied to R&E, Parameter Set II (1/2) (λ = 1, σ =
1, t = 10000, τ = 0.025). I top: original image and norms all but first row: I left
image: resulting image I center image: absolute difference to original I right image: de-
tected directions weighted by diffusivity (where applicable) I rightmost column: adherence
to L2-stability (4=yes, 6=no)
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(a) Original image (b) Gradient norm
(scaled)

(c) Frobenius norm of
Hessian (scaled)
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Figure 4.7: Nonlinear fourth order methods applied to R&E, Parameter Set II (2/2) (λ = 1, σ =
1, t = 10000, τ = 0.025). I top: original image and norms all but first row: I left
image: resulting image I center image: absolute difference to original I right image: de-
tected directions weighted by diffusivity (where applicable) I rightmost column: adherence
to L2-stability (4=yes, 6=no)
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(a) Wei-ISO-NL (b) Wei-ANISO-NL

(c) T/T-ISO-NL (d) T/T-ANISO-NL

(e) FM1-ISO-NL (f) FM1-ANISO-NL

(g) FM2-ISO-NL (h) FM2-ANISO-NL

Figure 4.8: Evolution of nonlinear fourth order methods applied to R&E, Parameter Set II.
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(a) ISO-NL (b) EED-NL

(c) FM2-ISO-NL (d) FM2-ANISO-NL

Figure 4.9: Nonlinear low and high order methods applied to R&E (λ = 0.5, σ = 1, t = 1250).
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(a) Original image (b) Gradient norm
(scaled)

(c) Frobenius norm of
Hessian (scaled)
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Figure 4.10: Linear fourth order methods applied to R&E (1/2) (λ = 0.01, σ = 1, t = 1250, τ =
0.025). I top: original image and norms all but first row: I left image: resulting image
I center image: absolute difference to original I right image: detected directions weighted
by diffusivity (where applicable) I rightmost column: adherence to L2-stability (4=yes,
6=no)
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(a) Original image (b) Gradient norm
(scaled)

(c) Frobenius norm of
Hessian (scaled)
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Figure 4.11: Linear fourth order methods applied to R&E (2/2) (λ = 0.01, σ = 1, t = 1250, τ =
0.025). I top: original image and norms all but first row: I left image: resulting image
I center image: absolute difference to original I right image: detected directions weighted
by diffusivity (where applicable) I rightmost column: adherence to L2-stability (4=yes,
6=no)
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(a) Wei-ISO-L (b) Wei-ANISO-L

(c) T/T-ISO-L (d) T/T-ANISO-L

(e) FM1-ISO-L (f) FM1-ANISO-L

(g) FM2-ISO-L (h) FM2-ANISO-L

Figure 4.12: Evolution of linear fourth order methods applied to R&E.
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(a) Original image (b) Gradient norm
(scaled)

(c) Frobenius norm of
Hessian (scaled)
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Figure 4.13: Nonlinear fourth order methods applied to Office (1/2) (Perona/Malik: λ = 0.1,
σ = 1; ISO: t = 1250, ANISO: t = 25). all but first row: I left image: resulting image
I center image: absolute difference to original I right image: detected directions weighted
by diffusivity (where applicable) I rightmost column: adherence to L2-stability (4=yes,
6=no)
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(a) Original image (b) Gradient norm
(scaled)

(c) Frobenius norm of
Hessian (scaled)
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Figure 4.14: Nonlinear fourth order methods applied to Office (2/2) (Perona/Malik: λ = 0.1,
σ = 1; ISO: t = 1250, ANISO: t = 25). all but first row: I left image: resulting image
I center image: absolute difference to original I right image: detected directions weighted
by diffusivity (where applicable) I rightmost column: adherence to L2-stability (4=yes,
6=no)
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(a) Wei-ISO-NL (b) Wei-ANISO-NL

(c) T/T-ISO-NL (d) T/T-ANISO-NL

(e) FM1-ISO-NL (f) FM1-ANISO-NL

(g) FM2-ISO-NL (h) FM2-ANISO-NL

Figure 4.15: Evolution of nonlinear fourth order methods applied to Office.
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(a) ISO-NL (b) EED-NL

(c) FM2-ISO-NL (d) FM2-ANISO-NL

Figure 4.16: Low and high order methods applied to Office (Perona/Malik: λ = 0.1, σ = 1;
ISO: t = 1250, ANISO: t = 25).



Chapter 5

Interpolation, Inpainting &
Compression

We encounter interpolation problems in everyday life, like increasing the resolution
of images (i.e. rescaling, zooming), such that no unesthetic (i.e. blocky) artifacts
appear e.g. using high magnifications of digital cameras (so-called “digital zoom”).

Even simple image processing tasks involve interpolation in less apparent sce-
narios like the rotation of digital images by nontrivial angles: the pixel grid (of
the screen or printer) is fixed and cannot be rotated, therefore, after rotation, one
point may have been attributed several color values. In this case, interpolation is
used to create one suitable value from the different values proposed for that pixel.

5.1 PDE-Based Formulation

One can describe the interpolation/inpainting problem as an evolution

∂tu = c · (u− f)2 − (1− c) · Lu (5.1)

where, as usual, f denotes the initial image, u the evolved/restored image and c a
binary confidence function, i.e. for a 2-D dataset

c(x, y) :=

{
1 if f(x, y) is to be trusted,

0 if f(x, y) is to be filled in.
(5.2)

The smoothness term Lu comprises an elliptic differential operator L, which stands
for any interpolation method we would like (see next section).

The solution (i.e. steady state) of this evolution equation gives the desired
interpolating function, which is exactly the values f(x, y) where c(x, y) = 1 and
should be close to the (unknown) values f(x, y) where c(x, y) = 0. This means
that u(x, y, t) = f(x, y), for all t where c(x, y) = 1. Note that the trusted data
points need not be on a regular grid and can very well be scattered.
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5.2 Interpolation Methods

Interpolation1 denotes any means of obtaining data at an unknown data point
from known data points. Therefore, it is a special instance of curve fitting: the
interpolated function must go exactly through trusted data points known a priori.

The simplest form of interpolation (which sometimes is not even called as
such) is nearest-neighbor interpolation, where an unknown point simply inherits
the values from the point closest to it.

The next simplest form of interpolation, linear interpolation, is to take the
arithmetic mean of two points to find the data at the midway point: if we have a
function f : R → R, where the known values are e.g. f(1) = 1 and f(2) = 3, then
linear interpolation would give f(1.5) = 2 [SB02]. In 1-D, linear interpolation is
the same as homogeneous diffusion in 1-D, and in higher dimensions corresponds
to interpolation using radial basis functions (functions, whose values solely depend
on the distance to some center), like a Gaussian [Buh03].

Reconstructing data outside the first and last known elements x0 and x1 is
called extrapolation, which we are not going to address here. Suffice to say, to
reproduce the missing or unknown data, one extends the “behavior” of the closest
data (this time, at one end only). Obviously, if there is knowledge about the pro-
cess that is the source of the data to be reproduced, both inter- and extrapolation
will recreate data close to the original with much higher certainty, and one need
not only use the “last known” data.

In linear interpolation the interpolant obviously is a linear function. This can
be generalized by replacing the interpolant with a function of higher degree, which
yields polynomial interpolation.

The next better thing is spline interpolation, where data is represented by
piecewise polynomials, i.e. a polynomial is inserted into each of the intervals of
unknown data and the different pieces are combined such that they fit smoothly
together [Boo78].

Finally, as far as general smoothing methods are concerned one can also use
any method imaginable, like mean curvature motion (MCM) [AGLM93]

∂tu = ∂ξξu, (5.3a)

absolute monotone Lipschitz extension (AMLE) [CMS98]

∂tu = ∂ηηu, (5.3b)

or any other method that we have seen so far in this work, like EED. This is where
we are going to proceed after a glimpse at how inpainting and compression are
related.

1to interpolate (implied in interpolation): from Latin interpolatus, pp. of interpolare “alter,
freshen up, falsify,” from inter- “up” and polare, related to polire “to smoothe, polish.”
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5.3 Inpainting and Compression

The need for image compression is obvious: one wants to eliminate redundant
data in order to be able to store more data using the same space or for example
transmit the data in less time. All of this comes at a price: computation time.
With nowadays’ computers, computation time mostly is not an issue, but it needs
to be said that this is a classical case where we trade space against time.2

Image compression can be considered as an extreme application of inpainting,
which makes this kind of compression a lossy compression, as interpolation is
involved. Usually, inpainting is used to interpolate small areas of an image that
have been lost. Image compression tries to minimize the number of pixels that are
kept from the original image, in order to reproduce a high-quality version thereof.

This introduces the question which pixels are relevant. Obviously, this depends
on the decompression step, which uses the selected pixels and tries to restore the
original image. Thus, compression and decompression had best be closely related
to each other.

In [GWW+05], Galić et al. have proposed image compression using anisotropic
diffusion. We would like to find out if the inclusion of a higher order diffusion
method, namely our Frobenius model (more precisely, FM2-ANISO-NL), can re-
duce the error rate even further. This could be quantified in two ways: a better
decompression result using the same compression rate as they did, or a similar
decompression result at a higher compression rate.

They have made experiments using many methods, starting with plain and
evident ones, then including many optimizations. While we cannot use or compare
to their best method (for reasons stated later), let us now give a quick overview of
the main points of procedure:

Sparsification of the original image using Binary Tree Triangular Coding (BTTC)
[DNV97], which decomposes the image into smaller and smaller isosceles
right triangles (using some error measure to decide whether to split or not,
see below) and stores seed points at the remaining vertices.

Error Measure for Compression is linear interpolation or EED. EED has the
drawback that it influences the entire image, not only the current triangle,
and therefore, for the best results, one has to recompute at each triangle
splitting. Since EED is already an expensive computation, recomputing at
each step makes this special compression task tedious.

Huffmann Coding [Huf52] of the resulting binary tree structure is performed,
i.e. the values that appear most often are encoded using the smallest repre-
sentation, to save space.

Requantization is denoted by the prefix Q64+, which means pre-requantization
(input image) to 64 gray values. Some of the more advanced methods use

2There still is no free lunch.



78 CHAPTER 5. INTERPOLATION, INPAINTING & COMPRESSION

+Q32 (i.e. post-requantization to 32 gray values), however, as we said before,
we stick to one of the simpler methods to base our comparisons on.

In the following, we will use denote the relative compression rate using bits
per pixel (bpp). This means that for an uncompressed image with 256 possible
different values per pixel one uses full 8 bpp. In that case, e.g. 0.8 bpp denotes
an absolute compression rate of 1/10. The conversion is simple, if q denotes the
possible quantizations per pixel (in the case of a multi-channel image, all channels
summed up), then the absolute compression rate cA for a relative compression rate
cR is

cA =
cR

log2(q)
. (5.4)

In our previous example, that would be 0.8
8

= 0.1 = 1
10

.

5.4 Inpainting using Frobenius Model

For the actual implementation, we have one problem, namely the explicit scheme,
which has severe restrictions on the time step size. For EED it is already not easy
to obtain a positive semidefinite system matrix which allows the usage of an SOR
solver and therefore eliminates the time step size problem. (It however also limits
maximum anisotropy.) For higher order methods, it is simply not possible, as they
no longer adhere to a maximum-minimum principle.

This has the second consequence that we of course cannot3 use the same method
in the coding and decoding step. Therefore, we show results for seed points gen-
erated using linear interpolation as error measure in the compression step, as well
as for low order EED.

The first method is called Q64+BTTC(L) in [GWW+05]. We compare that
method using classic EED as interpolant, and after that, we have used the Frobe-
nius model (FM2-ANISO-NL, to be precise). We then repeat the same experiments
using Q64+BTTC(EED) in the compression step. We denote the complete method
by Q64+BTTC(*)-FM. We have used explicit schemes for both methods.

We show inpainting of Trui using Q64+BTTC(L)-* inpainting using different
compression rates in in Figures 5.2 and 5.3, then using Q64+BTTC(EED)-* in
5.4. We repeat the experiment using Q64+BTTC(EED)-* for Camera in 5.6.

Table 5.1 summarizes the average absolute error values side by side. Note
that for EED in the compression step we have used precomputed masks provided
by the authors of [GWW+05] and that there is no such mask for Trui with 0.8
bpp compression rate. Thus, there still is a mismatch between compression and
decompression, but we believe it alleviates that problem at least a little bit.

“Pure” Q64+BTTC(EED)-EED was not evaluated in [GWW+05] – we have
computed it as a simple reference method. We show the evolution of the error
during the interpolation in Figures 5.5 and 5.7 for the several experiments. For

3We could, but it would take months, if not years, to complete one single experiment.
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(a) JPEG (b) JPEG 2000

Figure 5.1: Compression of Trui using JPEG algorithms (0.2 bpp) (Source:[GWW+05]).

the sake of completeness we also show the principal diffusion directions in the final
iteration — note that the directions are the same, but whether or not diffusion
happens at all varies (because EED uses a different argument to diffusivity than
FM). Here we see that for Camera, the sky is not smoothed, as it is smooth enough
already (for the higher order method); in extreme cases lower order methods would
produce staircasing here).

For all interpolation tasks, lots of forward diffusion (smoothing) is necessary,
therefore we use Charbonnier diffusivity for all experiments. Parameters are λ =
0.1 and σ = 0.8, except otherwise noted. We have stopped both interpolations
when the change in error between two subsequent measurements (one measurement
each 500 iterations) got negligible or the error even started getting worse again.
The results are listed in Table 5.1.

We have tried using mixed higher order methods like Tumblin/Turk or Wei
(see Section 3.2) for the inpainting task — it however yielded no usable results.
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(a) Trui (b) Interpolation mask

(c) Q64+BTTC(L)-EED (d) Q64+BTTC(L)-FM

(e) Diff. Q64+BTTC(L)-FM vs. original (f) Difference between the two interpolations

Figure 5.2: Interpolation of Trui: Q64+BTTC(L) compression at 0.8 bpp.
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(a) Original image (b) Interpolation mask

(c) Q64+BTTC(L)-EED (d) Q64+BTTC(L)-FM

(e) Diff. Q64+BTTC(L)-FM vs. original (f) Difference between the two interpolations

Figure 5.3: Interpolation of Trui: Q64+BTTC(L) compression at 0.2 bpp.
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(a) Original image (b) Interpolation mask

(c) Q64+BTTC(EED)-EED (d) Q64+BTTC(EED)-FM

(e) Diff. Q64+BTTC(EED)-FM vs. original (f) Difference between the two interpolations

Figure 5.4: Interpolation of Trui: Q64+BTTC(EED) compression at 0.2 bpp
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(a) Q64+BTTC(L)-* — 0.8 bpp (b) Principal directions EED/FM

(c) Q64+BTTC(L)-* — 0.2 bpp (d) Principal Directions EED/FM

(e) Q64+BTTC(EED)-* — 0.2 bpp (f) Principal Directions EED/FM

Figure 5.5: Data obtained during inpainting of Trui: I left: evolution of the AAE and
I right: preferred smoothing direction in the last iteration.
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(a) Original image (b) Interpolation mask

(c) Q64+BTTC(EED)-EED (d) Q64+BTTC(EED)-FM

(e) Diff. Q64+BTTC(EED)-FM vs. original (f) Difference between the two interpolations

Figure 5.6: Interpolation of Camera: Q64+BTTC(EED) compression at 0.2 bpp.
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Frobenius Model Anisotropic λ = 0.5, σ = 0.8
Low Order EED λ = 0.5, σ = 0.8

Frobenius Model Anisotropic λ = 0.1, σ = 0.8
Low Order EED λ = 0.1, σ = 0.8
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Frobenius Model Anisotropic λ = 0.5, σ = 0.8
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(a) Reconstruction error of Camera inpainting using Q64+BTTC(EED)-* at 0.2 bpp
I top: overall I bottom: zoom-in

(b) Principal directions — EED (c) Principal directions — FM

Figure 5.7: Data obtained during inpainting of Camera: I top: evolution of the AAE and
I bottom: preferred smoothing directions in the last iteration.
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hhhhhhhhhhhhhhhhhhhCompression

Decompression
EED FM

Trui — 0.8 bpp

Q64+BTTC(L) 3.46 3.30
(t=3200) (t=6362.5)

Q64+BTTC(EED) — —

Trui — 0.2 bpp

Q64+BTTC(L) 8.64 7.98
(t=10400) (t=50000)

Q64+BTTC(EED) 6.20 5.92
(t=4000) (t=4350)

Camera — 0.2 bpp

Q64+BTTC(L) — —

Q64+BTTC(EED) 10.19 10.58
λ = 0.5, σ = 0.8 (t=1700) (t=5375)

Q64+BTTC(EED) 10.57 10.55
λ = 0.1, σ = 0.8 (t=4000) (t=7912.5)

Table 5.1: Average absolute error values of inpainting results.

We conclude that, which one of both interpolants now is “better”, is a matter of
taste, and at least for low bitrates, probably also of the error measure in use. The
evolution using the Frobenius model initially converges faster toward the original
image than the classic EED interpolant but it has to run longer.

Additionally, it does not always provide slightly better quantitative results: for
the Camera scene the result is at best equal or worse. We thus further conclude
that using the Frobenius model works well with scenes that do not contain many
minute details, of which Camera has a lot and Trui not so many.

We emphasize again, that if it were feasible to use FM already in the compres-
sion step, one might be able to generate seed points that would allow even better
decompression at the same bitrates. Probably, the optimization of the model pa-
rameters (λ and σ) could also squeeze the one or other less AAE unit out of the
error. To be concise, one by the way has to compute the error measure from the
floating point result, which is usually 0.1-1 AAE unit better than e.g. the actual
resulting image quantized to 256 integer values.

One could further argue that there is a certain link between the JPEG/-
JPEG2000 methods (as seen in Figure 5.1) and low/high order EED respectively.
Where JPEG produces blocky artifacts at high compression rates, JPEG2000 pro-
duces blurred areas. For our evolution processes this is similar: low order EED
produces segmentation-like results whereas the Frobenius model keeps the struc-
ture intact but rather blurs its boundaries.
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Summary and Outlook

First, we have given an introduction into lower order diffusion methods, including
discrete aspects and numerics, while occasionally divulging details not previously
much discussed (to the best of our knowledge), like a formal presentation of stencil
notation and analysis of anisotropic flux.

As a first step into higher order methods, we have explored the (isotropic)
mixed order evolution equation by Tumbin and Turk, which we have used as part
of our experiments. We have shown discretizations, including stencil notation and
theoretical aspects. Afterward, we have introduced our novel Frobenius model,
which includes a formulation that encompasses a whole class of fourth order image
smoothers, including anisotropic ones. Unlike the Tumblin/Turk evolution equa-
tion, the Frobenius model can be recast in variational formulation, as we have
shown. We have also introduced appropriate higher order boundary conditions.

In our experiments, we have juxtaposed Tumblin/Turk, Frobenius model and
lower order methods, for several parameter sets. We have examined edge enhance-
ment (or at least edge preservation) using extreme parameters on a standard test
image to get a feeling for how and where they smoothen. We have also examined
behavior with noisy data. In all cases, finding the right model parameters is not
always easy and most of the time resorts in the principle of trial and error.

We have found that higher order methods do not produce staircasing or seg-
mentation-like artifacts but rather create gradients; as such results seem more
smooth. The anisotropic Tumblin/Turk evolution equation did not work well, but
the anisotropic Frobenius model did. Higher order methods have also turned out
competitive in denoising, compared to lower order methods.

As far as inpainting is concerned, results look smoother using higher order
methods. Obviously, staircasing artifacts that would have been created by lower
order methods do no longer appear. The “worst” case would be a linear gradient,
which can be considered blurry by a human observer, but which is also unobtrusive.
Whether this is good or bad finally depends on the scene to be reconstructed:
subjectively, the Camera scene looks worse with higher order methods than lower
order ones. For Trui, the opposite is the case.

87



88 CHAPTER 6. SUMMARY AND OUTLOOK

Future Work

Most of the future work that comes into mind, builds up on one another. We
have tried to show some theory about flux of lower order anisotropic filters (EED).
Full understanding of that will make the analysis of the higher order model much
easier, including what would be the actual maximum time step size allowed to use.
We have made conservative guesses, using which our experiments ran stable.

Numerics need tuning, as higher order methods only allow for a much smaller
time step size in an explicit scheme than lower order methods, and even there it is
already not big, as we know. A method that would allow to use an arbitrary time
step size would be nice to have.

Using even better discretized mixed derivatives should be worth a try, this was
not so much a problem with lower order methods. Also, using higher but odd order
derivatives (see the remarks in Section 2.6.2), at least as argument to diffusivity,
should be checked out.

As far as the inpainting application is concerned, one should try to further
optimize parameters, which we have mostly reused (those that we have known)
from the excellent work using lower order by Galić et al. [GWW+08]. The previ-
ously mentioned optimizations on numerics would come in handy, as the search for
optimal parameters and the analysis of their behavior could proceed much more
quickly. An interleaved low/high order process could be interesting.

The compression/decompression mismatch in the inpainting application would
improve the results of this process a lot. If one imagines a linear gradient in an
image, a lower order method in theory needs to store each pixel. A higher order
method only needs to store the beginning and ending pixel of the gradient to
reproduce it later, since that is exactly what it is designed for: making functions
(at worst) linear. Again, this depends on a fast implementation.

To be able to implement new models more quickly (and also be able to analyze
its properties) computing a discretization, including stencil and system matrix,
from an evolution equation would be a useful.

In our case, one iteration takes about 60 ms for a 256 × 256 image using the
anisotropic Frobenius model and 40 ms for EED, with compiler optimizations but
no heavily optimized code on a fairly standard 2.8 GHz PC with 1 MB L2 cache.
An explicit computation for a large stopping time is thus a tedious task. One might
consider a multi-threaded implementation (one computer, multiple cores, shared
memory). The image is split equally between threads. This results in a theoretical
speed-up of approximately the number of cores involved, minus the synchroniza-
tion time between iterations. As such, this is an alternative to producing better
numerics, but only a brute force one.

Last but not least, coherence enhancing diffusion as we have seen not only
preserves features but can restore features. Therefore it is worth finding out more
about higher order coherence enhancing evolutions, which should be a straightfor-
ward extension from the anisotropic Frobenius model. We feel that we have but
scratched the surface and many improvements and extensions remain to be made.



Appendix A

Encore

A.1 Derivation of Stencil for Anisotropic Frobe-

nius Model

This section gives the detailed derivation of the stencil for the anisotropic Frobenius
Model from Section 3.3.

The first step writes down (3.26) (page 47) with discretized inner derivatives.
The second step orders these terms by pixel grid size factors. The third step
unifies some of those terms, and the fourth step performs many simplifications
that present themselves.

d
dt

u ≈ −
a2

i+1,j

h4
x

(ui,j − 2ui+1,j + ui+2,j)

− ai+1,jbi+1,j

4h3
xhy

(ui,j−1 − ui+1,j−1 − ui,j + 2ui+1,j − ui+2,j − ui+1,j+1 + ui+2,j+1)

− ai+1,jbi+1,j

4h3
xhy

(ui+1,j−1 − ui+2,j−1 + ui,j − 2ui+1,j + ui+2,j − ui,j+1 + ui+1,j+1)

−
b2
i+1,j

h2
xh2

y

(ui+1,j−1 − 2ui+1,j + ui+1,j+1)

+
2a2

i,j

h4
x

(ui−1,j − 2ui,j + ui+1,j)

+
2ai,jbi,j

4h3
xhy

(ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)

+
2ai,jbi,j

4h3
xhy

(ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)

+
2b2

i,j

h2
xh2

y

(ui,j−1 − 2ui,j + ui,j+1)

−
a2

i−1,j

h4
x

(ui−2,j − 2ui−1,j + ui,j)

− ai−1,jbi−1,j

4h3
xhy

(ui−2,j−1 − ui−1,j−1 − ui−2,j + 2ui−1,j − ui,j − ui−1,j+1 + ui,j+1)

A–1



A–2 APPENDIX A. ENCORE

− ai−1,jbi−1,j

4h3
xhy

(ui−1,j−1 − ui,j−1 + ui−2,j − 2ui−1,j + ui,j − ui−2,j+1 + ui−1,j+1)

−
b2
i−1,j

h2
xh2

y

(ui−1,j−1 − 2ui−1,j + ui−1,j+1)

− ai−1,j−1bi−1,j−1

2h3
xhy

(ui−2,j−1 − 2ui−1,j−1 + ui,j−1)

− ai−1,j−1ci−1,j−1

4h2
xh2

y

(ui−2,j−2 − ui−1,j−2 − ui−2,j−1 + 2ui−1,j−1 − ui,j−1 − ui−1,j + ui,j)

−
b2
i−1,j−1

4h2
xh2

y

(ui−1,j−2 − ui,j−2 + ui−2,j−1 − 2ui−1,j−1 + ui,j−1 − ui−2,j + ui−1,j)

− bi−1,j−1ci−1,j−1

2hxh3
y

(ui−1,j−2 − 2ui−1,j−1 + ui−1,j)

+
ai,j−1bi,j−1

2h3
xhy

(ui−1,j−1 − 2ui,j−1 + ui+1,j−1)

+
ai,j−1ci,j−1

4h2
xh2

y

(ui−1,j−2 − ui,j−2 − ui−1,j−1 + 2ui,j−1 − ui+1,j−1 − ui,j + ui+1,j)

+
b2
i,j−1

4h2
xh2

y

(ui,j−2 − ui+1,j−2 + ui−1,j−1 − 2ui,j−1 + ui+1,j−1 − ui−1,j + ui,j)

+
bi,j−1ci,j−1

2hxh3
y

(ui,j−2 − 2ui,j−1 + ui,j)

+
ai−1,jbi−1,j

2h3
xhy

(ui−2,j − 2ui−1,j + ui,j)

+
ai−1,jci−1,j

4h2
xh2

y

(ui−2,j−1 − ui−1,j−1 − ui−2,j + 2ui−1,j − ui,j − ui−1,j+1 + ui,j+1)

+
b2
i−1,j

4h2
xh2

y

(ui−1,j−1 − ui,j−1 + ui−2,j − 2ui−1,j + ui,j − ui−2,j+1 + ui−1,j+1)

+
bi−1,jci−1,j

2hxh3
y

(ui−1,j−1 − 2ui−1,j + ui−1,j+1)

− 2ai,jbi,j

2h3
xhy

(ui−1,j − 2ui,j + ui+1,j)

− 2ai,jci,j

4h2
xh2

y

(ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)

−
2b2

i,j

4h2
xh2

y

(ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)

− 2bi,jci,j

2hxh3
y

(ui,j−1 − 2ui,j + ui,j+1)

+
ai+1,jbi+1,j

2h3
xhy

(ui,j − 2ui+1,j + ui+2,j)

+
ai+1,jci+1,j

4h2
xh2

y

(ui,j−1 − ui+1,j−1 − ui,j + 2ui+1,j − ui+2,j − ui+1,j+1 + ui+2,j+1)

+
b2
i+1,j

4h2
xh2

y

(ui+1,j−1 − ui+2,j−1 + ui,j − 2ui+1,j + ui+2,j − ui,j+1 + ui+1,j+1)

+
bi+1,jci+1,j

2hxh3
y

(ui+1,j−1 − 2ui+1,j + ui+1,j+1)

+
ai,j+1bi,j+1

2h3
xhy

(ui−1,j+1 − 2ui,j+1 + ui+1,j+1)
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+
ai,j+1ci,j+1

4h2
xh2

y

(ui−1,j − ui,j − ui−1,j+1 + 2ui,j+1 − ui+1,j+1 − ui,j+2 + ui+1,j+2)

+
b2
i,j+1

4h2
xh2

y

(ui,j − ui+1,j + ui−1,j+1 − 2ui,j+1 + ui+1,j+1 − ui−1,j+2 + ui,j+2)

+
bi,j+1ci,j+1

2hxh3
y

(ui,j − 2ui,j+1 + ui,j+2)

− ai+1,j+1bi+1,j+1

2h3
xhy

(ui,j+1 − 2ui+1,j+1 + ui+2,j+1)

− ai+1,j+1ci+1,j+1

4h2
xh2

y

(ui,j − ui+1,j − ui,j+1 + 2ui+1,j+1 − ui+2,j+1 − ui+1,j+2 + ui+2,j+2)

−
b2
i+1,j+1

4h2
xh2

y

(ui+1,j − ui+2,j + ui,j+1 − 2ui+1,j+1 + ui+2,j+1 − ui,j+2 + ui+1,j+2)

− bi+1,j+1ci+1,j+1

2hxh3
y

(ui+1,j − 2ui+1,j+1 + ui+1,j+2)

− ai,j−1bi,j−1

2h3
xhy

(ui−1,j−1 − 2ui,j−1 + ui+1,j−1)

−
b2
i,j−1

4h2
xh2

y

(ui−1,j−2 − ui,j−2 − ui−1,j−1 + 2ui,j−1 − ui+1,j−1 − ui,j + ui+1,j)

− ai,j−1ci,j−1

4h2
xh2

y

(ui,j−2 − ui+1,j−2 + ui−1,j−1 − 2ui,j−1 + ui+1,j−1 − ui−1,j + ui,j)

− bi,j−1ci,j−1

2hxh3
y

(ui,j−2 − 2ui,j−1 + ui,j)

+
ai+1,j−1bi+1,j−1

2h3
xhy

(ui,j−1 − 2ui+1,j−1 + ui+2,j−1)

+
b2
i+1,j−1

4h2
xh2

y

(ui,j−2 − ui+1,j−2 − ui,j−1 + 2ui+1,j−1 − ui+2,j−1 − ui+1,j + ui+2,j)

+
ai+1,j−1ci+1,j−1

4h2
xh2

y

(ui+1,j−2 − ui+2,j−2 + ui,j−1 − 2ui+1,j−1 + ui+2,j−1 − ui,j + ui+1,j)

+
bi+1,j−1ci+1,j−1

2hxh3
y

(ui+1,j−2 − 2ui+1,j−1 + ui+1,j)

− ai−1,jbi−1,j

2h3
xhy

(ui−2,j − 2ui−1,j + ui,j)

−
b2
i−1,j

4h2
xh2

y

(ui−2,j−1 − ui−1,j−1 − ui−2,j + 2ui−1,j − ui,j − ui−1,j+1 + ui,j+1)

− ai−1,jci−1,j

4h2
xh2

y

(ui−1,j−1 − ui,j−1 + ui−2,j − 2ui−1,j + ui,j − ui−2,j+1 + ui−1,j+1)

− bi−1,jci−1,j

2hxh3
y

(ui−1,j−1 − 2ui−1,j + ui−1,j+1)

+
2ai,jbi,j

2h3
xhy

(ui−1,j − 2ui,j + ui+1,j)

+
2b2

i,j

4h2
xh2

y

(ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)

+
2ai,jci,j

4h2
xh2

y

(ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)

+
2bi,jci,j

2hxh3
y

(ui,j−1 − 2ui,j + ui,j+1)
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− ai+1,jbi+1,j

2h3
xhy

(ui,j − 2ui+1,j + ui+2,j)

−
b2
i+1,j

4h2
xh2

y

(ui,j−1 − ui+1,j−1 − ui,j + 2ui+1,j − ui+2,j − ui+1,j+1 + ui+2,j+1)

− ai+1,jci+1,j

4h2
xh2

y

(ui+1,j−1 − ui+2,j−1 + ui,j − 2ui+1,j + ui+2,j − ui,j+1 + ui+1,j+1)

− bi+1,jci+1,j

2hxh3
y

(ui+1,j−1 − 2ui+1,j + ui+1,j+1)

+
ai−1,j+1bi−1,j+1

2h3
xhy

(ui−2,j+1 − 2ui−1,j+1 + ui,j+1)

+
b2
i−1,j+1

4h2
xh2

y

(ui−2,j − ui−1,j − ui−2,j+1 + 2ui−1,j+1 − ui,j+1 − ui−1,j+2 + ui,j+2)

+
ai−1,j+1ci−1,j+1

4h2
xh2

y

(ui−1,j − ui,j + ui−2,j+1 − 2ui−1,j+1 + ui,j+1 − ui−2,j+2 + ui−1,j+2)

+
bi−1,j+1ci−1,j+1

2hxh3
y

(ui−1,j − 2ui−1,j+1 + ui−1,j+2)

− ai,j+1bi,j+1

2h3
xhy

(ui−1,j+1 − 2ui,j+1 + ui+1,j+1)

−
b2
i,j+1

4h2
xh2

y

(ui−1,j − ui,j − ui−1,j+1 + 2ui,j+1 − ui+1,j+1 − ui,j+2 + ui+1,j+2)

− ai,j+1ci,j+1

4h2
xh2

y

(ui,j − ui+1,j + ui−1,j+1 − 2ui,j+1 + ui+1,j+1 − ui−1,j+2 + ui,j+2)

− bi,j+1ci,j+1

2hxh3
y

(ui,j − 2ui,j+1 + ui,j+2)

−
b2
i,j+1

h2
xh2

y

(ui−1,j+1 − 2ui,j+1 + ui+1,j+1)

− bi,j+1ci,j+1

4hxh3
y

(ui−1,j − ui,j − ui−1,j+1 + 2ui,j+1 − ui+1,j+1 − ui,j+2 + ui+1,j+2)

− bi,j+1ci,j+1

4hxh3
y

(ui,j − ui+1,j + ui−1,j+1 − 2ui,j+1 + ui+1,j+1 − ui−1,j+2 + ui,j+2)

−
c2
i,j+1

h4
y

(ui,j − 2ui,j+1 + ui,j+2)

+
2b2

i,j

h2
xh2

y

(ui−1,j − 2ui,j + ui+1,j)

+
2bi,jci,j

4hxh3
y

(ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)

+
2bi,jci,j

4hxh3
y

(ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)

+
2c2

i,j

h4
y

(ui,j−1 − 2ui,j + ui,j+1)

−
b2
i,j−1

h2
xh2

y

(ui−1,j−1 − 2ui,j−1 + ui+1,j−1)

− bi,j−1ci,j−1

4hxh3
y

(ui−1,j−2 − ui,j−2 − ui−1,j−1 + 2ui,j−1 − ui+1,j−1 − ui,j + ui+1,j)
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− bi,j−1ci,j−1

4hxh3
y

(ui,j−2 − ui+1,j−2 + ui−1,j−1 − 2ui,j−1 + ui+1,j−1 − ui−1,j + ui,j)

−
c2
i,j−1

h4
y

(ui,j−2 − 2ui,j−1 + ui,j)

=
1
h4

x

(
−a2

i+1,j (ui,j − 2ui+1,j + ui+2,j)

+ 2a2
i,j (ui−1,j − 2ui,j + ui+1,j)

− a2
i−1,j (ui−2,j − 2ui−1,j + ui,j)

)
+

1
4h3

xhy

(
−ai+1,jbi+1,j (ui,j−1 − ui+1,j−1 − ui,j + 2ui+1,j − ui+2,j − ui+1,j+1 + ui+2,j+1)

− ai+1,jbi+1,j (ui+1,j−1 − ui+2,j−1 + ui,j − 2ui+1,j + ui+2,j − ui,j+1 + ui+1,j+1)
− ai−1,jbi−1,j (ui−2,j−1 − ui−1,j−1 − ui−2,j + 2ui−1,j − ui,j − ui−1,j+1 + ui,j+1)

− ai−1,jbi−1,j (ui−1,j−1 − ui,j−1 + ui−2,j − 2ui−1,j + ui,j − ui−2,j+1 + ui−1,j+1)
)

+
2

4h3
xhy

(
+ai,jbi,j (ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)

+ ai,jbi,j (ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)
)

+
1

2h3
xhy

(
−ai−1,j−1bi−1,j−1 (ui−2,j−1 − 2ui−1,j−1 + ui,j−1)

+ ai,j−1bi,j−1 (ui−1,j−1 − 2ui,j−1 + ui+1,j−1)
+ ai−1,jbi−1,j (ui−2,j − 2ui−1,j + ui,j)
+ ai+1,jbi+1,j (ui,j − 2ui+1,j + ui+2,j)
+ ai,j+1bi,j+1 (ui−1,j+1 − 2ui,j+1 + ui+1,j+1)
− ai+1,j+1bi+1,j+1 (ui,j+1 − 2ui+1,j+1 + ui+2,j+1)
− ai,j−1bi,j−1 (ui−1,j−1 − 2ui,j−1 + ui+1,j−1)
+ ai+1,j−1bi+1,j−1 (ui,j−1 − 2ui+1,j−1 + ui+2,j−1)
− ai−1,jbi−1,j (ui−2,j − 2ui−1,j + ui,j)
− ai+1,jbi+1,j (ui,j − 2ui+1,j + ui+2,j)
+ ai−1,j+1bi−1,j+1 (ui−2,j+1 − 2ui−1,j+1 + ui,j+1)

− ai,j+1bi,j+1 (ui−1,j+1 − 2ui,j+1 + ui+1,j+1)
)

+
2

2h3
xhy

(
−ai,jbi,j (ui−1,j − 2ui,j + ui+1,j)

+ ai,jbi,j (ui−1,j − 2ui,j + ui+1,j)
)

+
1

h2
xh2

y

(
−b2

i,j+1 (ui−1,j+1 − 2ui,j+1 + ui+1,j+1)

− b2
i,j−1 (ui−1,j−1 − 2ui,j−1 + ui+1,j−1)

− b2
i+1,j (ui+1,j−1 − 2ui+1,j + ui+1,j+1)

− b2
i−1,j (ui−1,j−1 − 2ui−1,j + ui−1,j+1)

)
+

2
h2

xh2
y

(
+b2

i,j (ui−1,j − 2ui,j + ui+1,j)
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+ b2
i,j (ui,j−1 − 2ui,j + ui,j+1)

)
+

1
4h2

xh2
y

(
−ai−1,j−1ci−1,j−1 (ui−2,j−2 − ui−1,j−2 − ui−2,j−1 + 2ui−1,j−1 − ui,j−1 − ui−1,j + ui,j)

− b2
i−1,j−1 (ui−1,j−2 − ui,j−2 + ui−2,j−1 − 2ui−1,j−1 + ui,j−1 − ui−2,j + ui−1,j)

+ ai,j−1ci,j−1 (ui−1,j−2 − ui,j−2 − ui−1,j−1 + 2ui,j−1 − ui+1,j−1 − ui,j + ui+1,j)

+ b2
i,j−1 (ui,j−2 − ui+1,j−2 + ui−1,j−1 − 2ui,j−1 + ui+1,j−1 − ui−1,j + ui,j)

+ ai−1,jci−1,j (ui−2,j−1 − ui−1,j−1 − ui−2,j + 2ui−1,j − ui,j − ui−1,j+1 + ui,j+1)

+ b2
i−1,j (ui−1,j−1 − ui,j−1 + ui−2,j − 2ui−1,j + ui,j − ui−2,j+1 + ui−1,j+1)

+ ai+1,jci+1,j (ui,j−1 − ui+1,j−1 − ui,j + 2ui+1,j − ui+2,j − ui+1,j+1 + ui+2,j+1)

+ b2
i+1,j (ui+1,j−1 − ui+2,j−1 + ui,j − 2ui+1,j + ui+2,j − ui,j+1 + ui+1,j+1)

+ ai,j+1ci,j+1 (ui−1,j − ui,j − ui−1,j+1 + 2ui,j+1 − ui+1,j+1 − ui,j+2 + ui+1,j+2)

+ b2
i,j+1 (ui,j − ui+1,j + ui−1,j+1 − 2ui,j+1 + ui+1,j+1 − ui−1,j+2 + ui,j+2)

− ai+1,j+1ci+1,j+1 (ui,j − ui+1,j − ui,j+1 + 2ui+1,j+1 − ui+2,j+1 − ui+1,j+2 + ui+2,j+2)

− b2
i+1,j+1 (ui+1,j − ui+2,j + ui,j+1 − 2ui+1,j+1 + ui+2,j+1 − ui,j+2 + ui+1,j+2)

− b2
i,j−1 (ui−1,j−2 − ui,j−2 − ui−1,j−1 + 2ui,j−1 − ui+1,j−1 − ui,j + ui+1,j)

− ai,j−1ci,j−1 (ui,j−2 − ui+1,j−2 + ui−1,j−1 − 2ui,j−1 + ui+1,j−1 − ui−1,j + ui,j)

+ b2
i+1,j−1 (ui,j−2 − ui+1,j−2 − ui,j−1 + 2ui+1,j−1 − ui+2,j−1 − ui+1,j + ui+2,j)

+ ai+1,j−1ci+1,j−1 (ui+1,j−2 − ui+2,j−2 + ui,j−1 − 2ui+1,j−1 + ui+2,j−1 − ui,j + ui+1,j)

− b2
i−1,j (ui−2,j−1 − ui−1,j−1 − ui−2,j + 2ui−1,j − ui,j − ui−1,j+1 + ui,j+1)

− ai−1,jci−1,j (ui−1,j−1 − ui,j−1 + ui−2,j − 2ui−1,j + ui,j − ui−2,j+1 + ui−1,j+1)

− b2
i+1,j (ui,j−1 − ui+1,j−1 − ui,j + 2ui+1,j − ui+2,j − ui+1,j+1 + ui+2,j+1)

− ai+1,jci+1,j (ui+1,j−1 − ui+2,j−1 + ui,j − 2ui+1,j + ui+2,j − ui,j+1 + ui+1,j+1)

+ b2
i−1,j+1 (ui−2,j − ui−1,j − ui−2,j+1 + 2ui−1,j+1 − ui,j+1 − ui−1,j+2 + ui,j+2)

+ ai−1,j+1ci−1,j+1 (ui−1,j − ui,j + ui−2,j+1 − 2ui−1,j+1 + ui,j+1 − ui−2,j+2 + ui−1,j+2)

− b2
i,j+1 (ui−1,j − ui,j − ui−1,j+1 + 2ui,j+1 − ui+1,j+1 − ui,j+2 + ui+1,j+2)

− ai,j+1ci,j+1 (ui,j − ui+1,j + ui−1,j+1 − 2ui,j+1 + ui+1,j+1 − ui−1,j+2 + ui,j+2)
)

+
2

4h2
xh2

y

(
−ai,jci,j (ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)

− b2
i,j (ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)

+ b2
i,j (ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)

+ ai,jci,j (ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)
)

+
1

2hxh3
y

(
−bi−1,j−1ci−1,j−1 (ui−1,j−2 − 2ui−1,j−1 + ui−1,j)

+ bi,j−1ci,j−1 (ui,j−2 − 2ui,j−1 + ui,j)
+ bi−1,jci−1,j (ui−1,j−1 − 2ui−1,j + ui−1,j+1)
+ bi+1,jci+1,j (ui+1,j−1 − 2ui+1,j + ui+1,j+1)
+ bi,j+1ci,j+1 (ui,j − 2ui,j+1 + ui,j+2)
− bi+1,j+1ci+1,j+1 (ui+1,j − 2ui+1,j+1 + ui+1,j+2)
− bi,j−1ci,j−1 (ui,j−2 − 2ui,j−1 + ui,j)
+ bi+1,j−1ci+1,j−1 (ui+1,j−2 − 2ui+1,j−1 + ui+1,j)
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− bi−1,jci−1,j (ui−1,j−1 − 2ui−1,j + ui−1,j+1)
− bi+1,jci+1,j (ui+1,j−1 − 2ui+1,j + ui+1,j+1)
+ bi−1,j+1ci−1,j+1 (ui−1,j − 2ui−1,j+1 + ui−1,j+2)

− bi,j+1ci,j+1 (ui,j − 2ui,j+1 + ui,j+2)
)

+
2

2hxh3
y

(
−bi,jci,j (ui,j−1 − 2ui,j + ui,j+1)

+ bi,jci,j (ui,j−1 − 2ui,j + ui,j+1)
)

+
1

4hxh3
y

(
−bi,j+1ci,j+1 (ui−1,j − ui,j − ui−1,j+1 + 2ui,j+1 − ui+1,j+1 − ui,j+2 + ui+1,j+2)

− bi,j+1ci,j+1 (ui,j − ui+1,j + ui−1,j+1 − 2ui,j+1 + ui+1,j+1 − ui−1,j+2 + ui,j+2)
− bi,j−1ci,j−1 (ui−1,j−2 − ui,j−2 − ui−1,j−1 + 2ui,j−1 − ui+1,j−1 − ui,j + ui+1,j)

− bi,j−1ci,j−1 (ui,j−2 − ui+1,j−2 + ui−1,j−1 − 2ui,j−1 + ui+1,j−1 − ui−1,j + ui,j)
)

+
2

4hxh3
y

(
+bi,jci,j (ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)

+ bi,jci,j (ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)
)

+
1
h4

y

(
−c2

i,j+1 (ui,j − 2ui,j+1 + ui,j+2)

+ 2c2
i,j (ui,j−1 − 2ui,j + ui,j+1)

− c2
i,j−1 (ui,j−2 − 2ui,j−1 + ui,j)

)

=
1
h4

x

(
−a2

i+1,j (ui,j − 2ui+1,j + ui+2,j)

+ 2a2
i,j (ui−1,j − 2ui,j + ui+1,j)

− a2
i−1,j (ui−2,j − 2ui−1,j + ui,j)

)
+

1
4h3

xhy

(
−ai+1,jbi+1,j (ui,j−1 − ui+1,j−1 − ui,j + 2ui+1,j − ui+2,j − ui+1,j+1 + ui+2,j+1)

− ai+1,jbi+1,j (ui+1,j−1 − ui+2,j−1 + ui,j − 2ui+1,j + ui+2,j − ui,j+1 + ui+1,j+1)
+ 2ai,jbi,j (ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)
+ 2ai,jbi,j (ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)
− ai−1,jbi−1,j (ui−2,j−1 − ui−1,j−1 − ui−2,j + 2ui−1,j − ui,j − ui−1,j+1 + ui,j+1)

− ai−1,jbi−1,j (ui−1,j−1 − ui,j−1 + ui−2,j − 2ui−1,j + ui,j − ui−2,j+1 + ui−1,j+1)
)

+
1

2h3
xhy

(
−ai−1,j−1bi−1,j−1 (ui−2,j−1 − 2ui−1,j−1 + ui,j−1)

+ ai,j−1bi,j−1 (ui−1,j−1 − 2ui,j−1 + ui+1,j−1)
+ ai−1,jbi−1,j (ui−2,j − 2ui−1,j + ui,j)
+ ai+1,jbi+1,j (ui,j − 2ui+1,j + ui+2,j)
+ ai,j+1bi,j+1 (ui−1,j+1 − 2ui,j+1 + ui+1,j+1)
− ai+1,j+1bi+1,j+1 (ui,j+1 − 2ui+1,j+1 + ui+2,j+1)
− ai,j−1bi,j−1 (ui−1,j−1 − 2ui,j−1 + ui+1,j−1)
+ ai+1,j−1bi+1,j−1 (ui,j−1 − 2ui+1,j−1 + ui+2,j−1)
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− ai−1,jbi−1,j (ui−2,j − 2ui−1,j + ui,j)
− ai+1,jbi+1,j (ui,j − 2ui+1,j + ui+2,j)
+ ai−1,j+1bi−1,j+1 (ui−2,j+1 − 2ui−1,j+1 + ui,j+1)
− ai,j+1bi,j+1 (ui−1,j+1 − 2ui,j+1 + ui+1,j+1)
− 2ai,jbi,j (ui−1,j − 2ui,j + ui+1,j)

+ 2ai,jbi,j (ui−1,j − 2ui,j + ui+1,j)
)

+
1

h2
xh2

y

(
−b2

i,j+1 (ui−1,j+1 − 2ui,j+1 + ui+1,j+1)

− b2
i,j−1 (ui−1,j−1 − 2ui,j−1 + ui+1,j−1)

+ 2b2
i,j (ui−1,j − 2ui,j + ui+1,j)

+ 2b2
i,j (ui,j−1 − 2ui,j + ui,j+1)

− b2
i+1,j (ui+1,j−1 − 2ui+1,j + ui+1,j+1)

− b2
i−1,j (ui−1,j−1 − 2ui−1,j + ui−1,j+1)

)
+

1
4h2

xh2
y

(
−ai−1,j−1ci−1,j−1 (ui−2,j−2 − ui−1,j−2 − ui−2,j−1 + 2ui−1,j−1 − ui,j−1 − ui−1,j + ui,j)

− b2
i−1,j−1 (ui−1,j−2 − ui,j−2 + ui−2,j−1 − 2ui−1,j−1 + ui,j−1 − ui−2,j + ui−1,j)

+ ai,j−1ci,j−1 (ui−1,j−2 − ui,j−2 − ui−1,j−1 + 2ui,j−1 − ui+1,j−1 − ui,j + ui+1,j)

+ b2
i,j−1 (ui,j−2 − ui+1,j−2 + ui−1,j−1 − 2ui,j−1 + ui+1,j−1 − ui−1,j + ui,j)

+ ai−1,jci−1,j (ui−2,j−1 − ui−1,j−1 − ui−2,j + 2ui−1,j − ui,j − ui−1,j+1 + ui,j+1)

+ b2
i−1,j (ui−1,j−1 − ui,j−1 + ui−2,j − 2ui−1,j + ui,j − ui−2,j+1 + ui−1,j+1)

+ ai+1,jci+1,j (ui,j−1 − ui+1,j−1 − ui,j + 2ui+1,j − ui+2,j − ui+1,j+1 + ui+2,j+1)

+ b2
i+1,j (ui+1,j−1 − ui+2,j−1 + ui,j − 2ui+1,j + ui+2,j − ui,j+1 + ui+1,j+1)

+ ai,j+1ci,j+1 (ui−1,j − ui,j − ui−1,j+1 + 2ui,j+1 − ui+1,j+1 − ui,j+2 + ui+1,j+2)

+ b2
i,j+1 (ui,j − ui+1,j + ui−1,j+1 − 2ui,j+1 + ui+1,j+1 − ui−1,j+2 + ui,j+2)

− ai+1,j+1ci+1,j+1 (ui,j − ui+1,j − ui,j+1 + 2ui+1,j+1 − ui+2,j+1 − ui+1,j+2 + ui+2,j+2)

− b2
i+1,j+1 (ui+1,j − ui+2,j + ui,j+1 − 2ui+1,j+1 + ui+2,j+1 − ui,j+2 + ui+1,j+2)

− b2
i,j−1 (ui−1,j−2 − ui,j−2 − ui−1,j−1 + 2ui,j−1 − ui+1,j−1 − ui,j + ui+1,j)

− ai,j−1ci,j−1 (ui,j−2 − ui+1,j−2 + ui−1,j−1 − 2ui,j−1 + ui+1,j−1 − ui−1,j + ui,j)

+ b2
i+1,j−1 (ui,j−2 − ui+1,j−2 − ui,j−1 + 2ui+1,j−1 − ui+2,j−1 − ui+1,j + ui+2,j)

+ ai+1,j−1ci+1,j−1 (ui+1,j−2 − ui+2,j−2 + ui,j−1 − 2ui+1,j−1 + ui+2,j−1 − ui,j + ui+1,j)

− b2
i−1,j (ui−2,j−1 − ui−1,j−1 − ui−2,j + 2ui−1,j − ui,j − ui−1,j+1 + ui,j+1)

− ai−1,jci−1,j (ui−1,j−1 − ui,j−1 + ui−2,j − 2ui−1,j + ui,j − ui−2,j+1 + ui−1,j+1)

− b2
i+1,j (ui,j−1 − ui+1,j−1 − ui,j + 2ui+1,j − ui+2,j − ui+1,j+1 + ui+2,j+1)

− ai+1,jci+1,j (ui+1,j−1 − ui+2,j−1 + ui,j − 2ui+1,j + ui+2,j − ui,j+1 + ui+1,j+1)

+ b2
i−1,j+1 (ui−2,j − ui−1,j − ui−2,j+1 + 2ui−1,j+1 − ui,j+1 − ui−1,j+2 + ui,j+2)

+ ai−1,j+1ci−1,j+1 (ui−1,j − ui,j + ui−2,j+1 − 2ui−1,j+1 + ui,j+1 − ui−2,j+2 + ui−1,j+2)

− b2
i,j+1 (ui−1,j − ui,j − ui−1,j+1 + 2ui,j+1 − ui+1,j+1 − ui,j+2 + ui+1,j+2)

− ai,j+1ci,j+1 (ui,j − ui+1,j + ui−1,j+1 − 2ui,j+1 + ui+1,j+1 − ui−1,j+2 + ui,j+2)
− 2ai,jci,j (ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)
+ 2ai,jci,j (ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)
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− 2b2
i,j (ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)

+ 2b2
i,j (ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)

)
+

1
2hxh3

y

(
−bi−1,j−1ci−1,j−1 (ui−1,j−2 − 2ui−1,j−1 + ui−1,j)

+ bi,j−1ci,j−1 (ui,j−2 − 2ui,j−1 + ui,j)
+ bi−1,jci−1,j (ui−1,j−1 − 2ui−1,j + ui−1,j+1)
+ bi+1,jci+1,j (ui+1,j−1 − 2ui+1,j + ui+1,j+1)
+ bi,j+1ci,j+1 (ui,j − 2ui,j+1 + ui,j+2)
− bi+1,j+1ci+1,j+1 (ui+1,j − 2ui+1,j+1 + ui+1,j+2)
− bi,j−1ci,j−1 (ui,j−2 − 2ui,j−1 + ui,j)
+ bi+1,j−1ci+1,j−1 (ui+1,j−2 − 2ui+1,j−1 + ui+1,j)
− bi−1,jci−1,j (ui−1,j−1 − 2ui−1,j + ui−1,j+1)
− bi+1,jci+1,j (ui+1,j−1 − 2ui+1,j + ui+1,j+1)
+ bi−1,j+1ci−1,j+1 (ui−1,j − 2ui−1,j+1 + ui−1,j+2)
− bi,j+1ci,j+1 (ui,j − 2ui,j+1 + ui,j+2)
− 2bi,jci,j (ui,j−1 − 2ui,j + ui,j+1)

+ 2bi,jci,j (ui,j−1 − 2ui,j + ui,j+1)
)

+
1

4hxh3
y

(
−bi,j+1ci,j+1 (ui−1,j − ui,j − ui−1,j+1 + 2ui,j+1 − ui+1,j+1 − ui,j+2 + ui+1,j+2)

− bi,j+1ci,j+1 (ui,j − ui+1,j + ui−1,j+1 − 2ui,j+1 + ui+1,j+1 − ui−1,j+2 + ui,j+2)
+ 2bi,jci,j (ui−1,j−1 − ui,j−1 − ui−1,j + 2ui,j − ui+1,j − ui,j+1 + ui+1,j+1)
+ 2bi,jci,j (ui,j−1 − ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j − ui−1,j+1 + ui,j+1)
− bi,j−1ci,j−1 (ui−1,j−2 − ui,j−2 − ui−1,j−1 + 2ui,j−1 − ui+1,j−1 − ui,j + ui+1,j)

− bi,j−1ci,j−1 (ui,j−2 − ui+1,j−2 + ui−1,j−1 − 2ui,j−1 + ui+1,j−1 − ui−1,j + ui,j)
)

+
1
h4

y

(
−c2

i,j+1 (ui,j − 2ui,j+1 + ui,j+2)

+ 2c2
i,j (ui,j−1 − 2ui,j + ui,j+1)

− c2
i,j−1 (ui,j−2 − 2ui,j−1 + ui,j)

)

=
1
h4

x

(
−a2

i+1,j (ui,j − 2ui+1,j + ui+2,j)

+ 2a2
i,j (ui−1,j − 2ui,j + ui+1,j)

− a2
i−1,j (ui−2,j − 2ui−1,j + ui,j)

)
+

1
4h3

xhy

(
−ai+1,jbi+1,j (ui,j−1 − ui+2,j−1 − ui,j+1 + ui+2,j+1)

+ 2ai,jbi,j (ui−1,j−1 − ui+1,j−1 − ui−1,j+1 + ui+1,j+1)
− ai−1,jbi−1,j (ui−2,j−1 − ui,j−1 − ui−2,j+1 + ui,j+1)
− 2ai−1,j−1bi−1,j−1 (ui−2,j−1 − 2ui−1,j−1 + ui,j−1)
+ 2ai+1,j−1bi+1,j−1 (ui,j−1 − 2ui+1,j−1 + ui+2,j−1)
+ 2ai−1,j+1bi−1,j+1 (ui−2,j+1 − 2ui−1,j+1 + ui,j+1)



A–10 APPENDIX A. ENCORE

− 2ai+1,j+1bi+1,j+1 (ui,j+1 − 2ui+1,j+1 + ui+2,j+1)
)

+
1

4h2
xh2

y

(
−ai−1,j−1ci−1,j−1 (ui−2,j−2 − ui−1,j−2 − ui−2,j−1 + 2ui−1,j−1 − ui,j−1 − ui−1,j + ui,j)

+ ai−1,j+1ci−1,j+1 (ui−1,j − ui,j + ui−2,j+1 − 2ui−1,j+1 + ui,j+1 − ui−2,j+2 + ui−1,j+2)
+ ai+1,j−1ci+1,j−1 (ui+1,j−2 − ui+2,j−2 + ui,j−1 − 2ui+1,j−1 + ui+2,j−1 − ui,j + ui+1,j)
− ai+1,j+1ci+1,j+1 (ui,j − ui+1,j − ui,j+1 + 2ui+1,j+1 − ui+2,j+1 − ui+1,j+2 + ui+2,j+2)
+ ai,j−1ci,j−1 (ui−1,j−2 − 2ui,j−2 + ui+1,j−2 − 2ui−1,j−1 + 4ui,j−1 − 2ui+1,j−1 + ui−1,j − 2ui,j + ui+1,j)
+ ai−1,jci−1,j (ui−2,j−1 − 2ui−1,j−1 + ui,j−1 − 2ui−2,j + 4ui−1,j − 2ui,j + ui−2,j+1 − 2ui−1,j+1 + ui,j+1)
+ ai,j+1ci,j+1 (ui−1,j − 2ui,j + ui+1,j − 2ui−1,j+1 + 4ui,j+1 − 2ui+1,j+1 + ui−1,j+2 − 2ui,j+2 + ui+1,j+2)
+ ai+1,jci+1,j (ui,j−1 − 2ui+1,j−1 + ui+2,j−1 − 2ui,j + 4ui+1,j − 2ui+2,j + ui,j+1 − 2ui+1,j+1 + ui+2,j+1)
+ 2ai,jci,j (−ui−1,j−1 + 2ui,j−1 − ui+1,j−1 + 2ui−1,j − 4ui,j + 2ui+1,j − ui−1,j+1 + 2ui,j+1 − ui+1,j+1)

+ 2b2
i,j (ui−1,j−1 − 2ui,j−1 + ui+1,j−1 − 2ui−1,j + 4ui,j − 2ui+1,j + ui−1,j+1 − 2ui,j+1 + ui+1,j+1)

− b2
i−1,j−1 (ui−1,j−2 − ui,j−2 + ui−2,j−1 − 2ui−1,j−1 + ui,j−1 − ui−2,j + ui−1,j)

− b2
i+1,j+1 (ui+1,j − ui+2,j + ui,j+1 − 2ui+1,j+1 + ui+2,j+1 − ui,j+2 + ui+1,j+2)

+ b2
i+1,j−1 (ui,j−2 − ui+1,j−2 − ui,j−1 + 2ui+1,j−1 − ui+2,j−1 − ui+1,j + ui+2,j)

+ b2
i−1,j+1 (ui−2,j − ui−1,j − ui−2,j+1 + 2ui−1,j+1 − ui,j+1 − ui−1,j+2 + ui,j+2)

+ b2
i−1,j (−ui−2,j−1 + 2ui−1,j−1 − ui,j−1 + 2ui−2,j − 4ui−1,j + 2ui,j − ui−2,j+1 + 2ui−1,j+1 − ui,j+1)

+ b2
i+1,j (−ui,j−1 + 2ui+1,j−1 − ui+2,j−1 + 2ui,j − 4ui+1,j + 2ui+2,j − ui,j+1 + 2ui+1,j+1 − ui+2,j+1)

+ b2
i,j+1 (−ui−1,j + 2ui,j − ui+1,j + 2ui−1,j+1 − 4ui,j+1 + 2ui+1,j+1 − ui−1,j+2 + 2ui,j+2 − ui+1,j+2)

+ b2
i,j−1 (−ui−1,j−2 + 2ui,j−2 − ui+1,j−2 + 2ui−1,j−1 − 4ui,j−1 + 2ui+1,j−1 − ui−1,j + 2ui,j − ui+1,j)

− 4b2
i,j+1 (ui−1,j+1 − 2ui,j+1 + ui+1,j+1)

− 4b2
i,j−1 (ui−1,j−1 − 2ui,j−1 + ui+1,j−1)

+ 8b2
i,j (ui−1,j − 2ui,j + ui+1,j)

+ 8b2
i,j (ui,j−1 − 2ui,j + ui,j+1)

− 4b2
i+1,j (ui+1,j−1 − 2ui+1,j + ui+1,j+1)

− 4b2
i−1,j (ui−1,j−1 − 2ui−1,j + ui−1,j+1)

)
+

1
4hxh3

y

(
−bi,j+1ci,j+1 (ui−1,j − ui+1,j − ui−1,j+2 + ui+1,j+2)

+ 2bi,jci,j (ui−1,j−1 − ui+1,j−1 − ui−1,j+1 + ui+1,j+1)
− bi,j−1ci,j−1 (ui−1,j−2 − ui+1,j−2 − ui−1,j + ui+1,j)
− 2bi−1,j−1ci−1,j−1 (ui−1,j−2 − 2ui−1,j−1 + ui−1,j)
+ 2bi+1,j−1ci+1,j−1 (ui+1,j−2 − 2ui+1,j−1 + ui+1,j)
+ 2bi−1,j+1ci−1,j+1 (ui−1,j − 2ui−1,j+1 + ui−1,j+2)

− 2bi+1,j+1ci+1,j+1 (ui+1,j − 2ui+1,j+1 + ui+1,j+2)
)

+
1
h4

y

(
−c2

i,j+1 (ui,j − 2ui,j+1 + ui,j+2)

+ 2c2
i,j (ui,j−1 − 2ui,j + ui,j+1)

− c2
i,j−1 (ui,j−2 − 2ui,j−1 + ui,j)

)
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A.2 Pseudocode I — Generic Evolutions

This pseudocode lists the sequence of steps of a generic implementation for diffusion-
like evolutions. It is designed such that isotropic, anisotropic methods as well as all
their parameters can be given to one binary that can perform all of those methods
using modular support functions. This makes everything transparent and main-
tainable, especially what method is run with what parameters during experiments,
which can be run in batch mode easily and output consistent (therefore parseable)
debug data into resulting images (e.g. into PGM header).

Listing A.1: Pseudocode for generic evolution processes.

1 // current i t e r i s u , o l d i t e r i s f
2 DIFFUSE(u , f ) {
3 switch ( d i f fu s i on method ) {
4 case ∗ :
5 switch ( d i s c r e t i z a t i o n ) {
6 case ∗ :
7 for ( i , j )
8 u [ i ] [ j ] = . . . +f [ . ] [ . ] + f [ . ] [ . ] + . . .
9 // us ing e i t h e r g [ . ] , or a [ . ] , b [ . ] and c [ . ]

10 }
11 }
12 }
13

14 MAIN( ) {
15 // r e que s t input data and parameters here
16

17 for ( k=0; k<=numbe r o f i t e r a t i on s ; k++) {
18 PRESMOOTH(u) // Gaussian convo lu t i on
19 DUMMIES(u) // boundary cond i t i on s
20 // compute d i f f u s i v i t i e s , needed in any case
21 for ( i , j ) {
22 switch ( d i f f u s i v i t y ) {
23 case ∗ :
24 switch ( d i f f u s i v i t y a r gumen t ) {
25 case ∗ :
26 s = . . . u [ . ] . . .
27 }
28 g [ i ] [ j ] = . . . 1/ s . . .
29 }
30 }
31

32 // compute d i f f u s i o n tensor , i f necessary
33 i f (ANISOTROPIC) {
34 switch ( s t r u c t u r e t e n s o r ) {
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35 case ∗ :
36 for ( i , j ) {
37 a [ i ] [ j ] = . . . u [ . ] . . .
38 b [ i ] [ j ] = . . . u [ . ] . . .
39 c [ i ] [ j ] = . . . u [ . ] . . .
40 }
41 }
42 for ( i , j ) {
43 DIFFUSION TENSOR( i , j ) {
44 PAT TRANS( )
45 e i genva lue1 = . . . g [ . ] . . .
46 e i genva lue2 = 1
47 PAT BACKTRANS( )
48 }
49 }
50 }
51

52 ORIGINAL(u) // r e s t o r e unsmoothed u
53 i f ( do inpa in t ) {
54 COPY A2B(u , v ) // cop i e s matrix u in t o v
55 DIFFUSE(v )
56 /∗ where the mask i s b lack , l e t i t e v o l v e
57 ∗ o the rw i s e (mask i s whi te ) , keep o r i g i n a l data ∗/
58 for ( i , j )
59 i f (mask [ i ] [ j ]==0)
60 u [ i ] [ j ] = v [ i ] [ j ]
61 } else {
62 DIFFUSE(u) ;
63 }
64

65 } // end f o r ( k )
66 }
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A.3 Pseudocode II — Stencil Algebra

This section shows code for applying stencils, respectively an image and a stencil,
to each other as mentioned in Section 2.4.4. Applying two stencils to each other
yields a new stencil and can be useful to quickly find discretizations of combinations
of discretized derivatives that are already present in stencil notation, as we have
e.g. done in Section 3.2.2 (page 40). Applying a stencil to (consecutively all pixels
of) an image yields a new image with updated pixel values, exactly as it happens
with evolution equations in a computational sense, where they are an iterative
process. Therefore, how the resulting array’s data is to be interpreted, depends on
what is given as input.

Listing A.2 is an excerpt of the most important things from a working imple-
mentation in C (we have omitted memory allocation and output routines). The
arrays A and B represent the input data and the variables [AB]s[xy] their dimen-
sions (e.g. Asx: size of array A in x-direction). One also has to give the center
element of the stencil (c x and c y), otherwise one does not exactly know how
they overlap; in this thesis, we have always displayed it using a gray background.
In the end, the nested for loops do nothing more than implement the sum from
(2.37) with the appropriate boundary conditions. In the implementation, this is
especially important since one cannot simply address an array at e.g. location −1.
Finally, the array R contains the resulting set of values.

Example output of the complete application follows; here we compute the
approximation of ∂yx (∂yx(u)) using the stencil already presented on page 47.

Asx=3, Asy=3, Bsx=3, Bsy=3 ... c_x=1, c_y=1

=> Rsx=5, Rsy=5

/-----------------------\

| 0 | 1 | -1 |

|-----------------------|

| 1 | -2 | 1 |

|-----------------------|

| -1 | 1 | 0 |

\-----------------------/

applied to

/-----------------------\

| 0 | 1 | -1 |

|-----------------------|

| 1 | -2 | 1 |

|-----------------------|

| -1 | 1 | 0 |

\-----------------------/

results in

/---------------------------------------\

| 0 | 0 | 1 | -2 | 1 |

|---------------------------------------|

| 0 | 2 | -6 | 6 | -2 |

|---------------------------------------|

| 1 | -6 | 10 | -6 | 1 |

|---------------------------------------|

| -2 | 6 | -6 | 2 | 0 |

|---------------------------------------|

| 1 | -2 | 1 | 0 | 0 |

\---------------------------------------/

Sum of absolute values except center , useful for Gershgorin: 54
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Listing A.2: Implementation of stencil algebra.

1 int main ( ) {
2

3 /∗ r e q u i r e s :
4 ∗ arrays ( s t e n c i l s ) : A, B ( f l o a t )
5 ∗ dimensions o f the arrays : Asx , Asy , Bsx , Bsy ( i n t )
6 ∗ the cen te r p i x e l ( zero−based ) : c x , c y ( i n t )
7 ∗ memory a l l o c a t i o n f o r matr ices A,B,R!
8 ∗/
9

10 f loat ∗∗A, ∗∗B, ∗∗R;
11

12 const int Rsx = Asx+Bsx−1;
13 const int Rsy = Asy+Bsy−1;
14

15 int i , j , k , l , Ax ,Ay ;
16 f loat sum ;
17 for ( i =0; i<Rsx ; i++)
18 for ( j =0; j<Rsy ; j++) {
19 sum = 0 ;
20 for ( k=0;k<Bsx ; k++)
21 for ( l =0; l<Bsy ; l++) {
22 Ax = i+k−2∗c x ;
23 Ay = j+l−2∗c y ;
24 i f ( ! (Ax<0 | | Ax>=Asx | | Ay<0 | | Ay>=Asy) )
25 sum += A[Ax ] [ Ay]∗B[ k ] [ l ] ;
26 }
27 R[ i ] [ j ] = sum ;
28 }
29

30 s t e n c i l o u t (B, Bsx , Bsy , 5) ;
31 p r i n t f ( ” app l i ed to\n” ) ;
32 s t e n c i l o u t (A, Asx , Bsy , 5) ;
33 p r i n t f ( ” r e s u l t s in \n” ) ;
34 s t e n c i l o u t (R, Rsx , Rsy , 5) ;
35

36 int gsum=0; // sum fo r Gershgorin RHS
37 const int c Rx = ( int ) (Rsx/2) ;
38 const int c Ry = ( int ) (Rsy/2) ;
39 for ( i =0; i<Rsx ; i++)
40 for ( j =0; j<Rsy ; j++)
41 i f ( ! ( i==c Rx && j==c Ry ) )
42 gsum+=abs (R[ i ] [ j ] ) ;
43

44 return (0 ) ;
45 }
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